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Abstract 

In this paper, new multirate two-degree-of-freedom con- 
trollers are proposed for digital control systems, where 
it is restricted that the speed of the A/D converters are 
slower than that of the D/A converters. The proposed 
feedforward controller assures the perfect tracking at 
A4 inter-sampling points. Moreover I the proposed feed- 
back controller assures the perfect disturbance rejection 
at A4 inter-sample points in the steady state. Illustra- 
tive examples of position control for hard disk drive 
are presented, and the advantages of this approach are 
demonstrated. 
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1 Introduction 

A digital control system usually has two samplers for 
the reference signal r(t) and the output y(t), and one 
holder on the input u(t) as shown in Fig. 1. Therefore, 
there exist three time periods T, , TV, and T’ which rep- 
resent the period of r(t), y(t), and u(l), respectively. 
The input period T, is generally decided by the speed 
of the actuator, D/A converter, or the calculation on 
the CPU. Moreover, the output period Ty is also deter- 
mined by the speed of the sensor or the A/D converter. 

Recently, the modern sampled-data control theories 
have developed, which can optimize the inter-sample 
response [5]. In contrast, the proposed methods make 
simple and practical approaches to grantee the smooth 
inter-sample responses by controlling all of the plant 
states (e.g. position and velocity) at M inter-sample 
points. 

2 Design of the multirate TDOF controller 

In this section, new multirate TDOF controllers are 
proposed. For the restriction of T, < Ty, the flame 
period Tf is defined as Tf = Ty , and the dynamics of 
the controller is described by Tf. 

In this paper, the digital control systems which 
have hardware restrictions of T, < TV are assumed, 
and novel design methods of multirate two-degree- 
of-freedom (TDOF) controllers are proposed, which 
achieve “the perfect tracking” and “the perfect distur- 
bance rejection” at M inter-sample points of Ty, The 
restriction of T, < Ty may be general because D/A 
converters are usually faster than the A/D converters. 
Especially, head-positioning systems of the hard disk 
drive (HDD) or the visual servo systems of robot ma- 
nipulator belong to this category, because the sampling 
rates of the measurement are relatively slow. 

In this paper, the integer M is selected so as to M k 
il’/n becomes an integer, where N is the input multi- 
plicity and n is the plant order. As shown in Fig. 2, the 
plant input is changed N times during Ty(= Tf), and 
the perfect tracking and the perfect disturbance rejec- 
tion of the plant state are guaranteed A4 times during 

G. 

For simplification, the continuous-time plant is assumed 
to be SISO system in this paper. The proposed meth- 
ods, however, can be extended to deal with the MIMO 
system by the same way as [6]. 

2.1 Plant Discretization by Multirate Sampling 
Consider the continuous-time plant described by 

[l, 2, 3, 41 have attempted to use multirate sampling 
controllers to HDD systems. This paper apply the 
proposed perfect tracking feedforward controller to the 
track-seeking mode of HDD, and the proposed perfect 
disturbance rejection controller is also applied to the 
track-following mode. 
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Figure 1: Two-degree-of-freedom control system. 

k(t) = Acz(t) + b,u(t) , y(t) = w(t). (1) 
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Figure 2: Multirate Sampling control 

The discrete-time plant discretized by the multirate 
sampling control (Fig. 2) becomes 

z[i + l] = Az[i] + Bu[i] , y[i] = Cz[i] (2) 

where ~[i] = z(iT), and where matrices A, B, C and 
vectors 26 are given by 

[-+-/+I ii [*I , (3) 

0 = /xl < p1 < ,u2 < . . . < pfq = 1. (5) 

The inter-sample plant state at t = (i + LQ)T’ is repre- 
sented by 

%[i] = A;I,[i] + Bu[i], (6) 

“k[i] = a[i + Vk] = z((i +vk)Tj)Y (9) 

j&j ii 
pj < vk : Jiy:*-$;;;))Tf eAcT b,dr 

p(j-1) < Vk 5 pj : J~“*-p(‘-l))Tf eAC7b,dr ’ 
vk 5 p(j-1) : 0 

0 < Vl < v2 < . . . < VM = 1. (10) 

wherepj(j=O,l;.., N) and Vk (k = 1, . ) M) are the 
parameters for multirate sampling as shown in Fig. 2. 
If T’ is divided at same intervals, pj = j/N, vk = b/hil. 

2.2 Design of the perfect tracking controller 
In the conventional digital tracking control systems, it 
is impossible to track the desired trajectory with zero 
error [7], because the discrete-time plant discretized by 
the zero-order-hold usually has unstable zeros [8]. 

The unstable zeros problems of the discrete-time plant 
have been resolved by zero assignment method in use of 
multirate control in [9] and [lo]. However, [l I] shows 

Figure 3: Basic structure of TDOF control. 

that those methods have disadvantages of large over- 
shoot and oscillation in the inter-sample points because 
the control input changes back and forth very quickly. 
On the other hand, [12] proposed the perfect tracking 
control by introducing the multirate feedforward con- 
trol, which never has this problem because all of the 
plant states are controlled along the smoothed desired 
trajectories. 

In this section, the perfect tracking controller Ci[z] is 
designed so that the plant state (z) completely track 
the desired trajectory (z*) at every sampling points 
TT(= q/w [131. 

The control law of Fig. 1 is described by 

U = clT+c2Y (11) 

= Fi+QeY+KT (12) 

where K, Q E RH, are free parameters [14]. There- 
fore, Fig. 1 can be transferred to Fig. 3. In the figure, 
31~) S, and the thick lines represent the multirate hold, 
the sampler, and the multirate signals, respectively. In 
this paper, K becomes a constant matrix. 

Because the estimation errors of the observer become 
zero (2 = z,eY = 0) for the nominal plant, from (6) 
and (12)) this system is represented by 

i%[i] = (ai + &F)z[i] + &Kr[i]. (13) 

[15] proved that the matrix & is non-singular and that 
the coefficient matrices of (13) can be arbitrary assigned 
by F and K. In this paper, the parameters F, K can 
be selected so that following equations are satisfied 

i+kF=O, ijK=I. (14) 

From (14)) F, K are given by 

F = -B-IA, K = jj-‘. (15) 

Therefore, (13) is described by %[i] = ~[i]. Utilizing the 
inter-sample desired state g* [i], if the reference input 
is set to V[i] = 2*[ ] i , we find the perfect tracking %[i] = 
I’[i] can be achieved at every sampling point T,. . 

Because Ci[z] of (11) can be transferred to (16)) C 1 [z] 
is given by (Fig. 4) 

C,[z] = (M - C2N)K, (16) 
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Figure 4: Implementation of the proposed controller. 

M= 
A+BF B 

F I t 1 = I+z-lFB, 

N= 
A+BF B (17) 

c o=% 
-‘CB, 

where M, N are the right coprime factorization of the 
plant P[z] = NM-l[16]. 

2.3 Design of the perfect disturbance rejection 
controller 
In this section, new multirate feedback controller is pro- 
posed based on the state space design of the disturbance 
observer. 

Consider the continuoustime plant model described by 

ip(t) = Ac,~p(t) + bcpW - d(t)) (18) 

y(t) = cepxp(t)> (1% 

where d(t) is the disturbance input. Let the disturbance 
model be 

&i(t) = &m(t) , d(t) = cam(t). (20) 

For example, the step type disturbance can be modeled 
by Aed = 0, c,d = 1. The continuous-time augmented 
system consisting of (18) and (20) is represented by 

i(t) = A,z(t) + b,u(t) 

y(t) = cez(t) 
(21) 

(22) 

Discretizing (21) by the multirate sampling control, the From (30), Fd is obtained by 
inter-sample plant state at t = (i + Vk)Tf can be calcu- 
lated from the lath row of (6) by 

- -1 - 
Fd = -BP Apd. 

x[i+vk] = ;I/$ [i] + i&u [i] (23) 
On (28) and (29), th e influence from disturbance zd[i] 

to the inter-sample state s+[i + vk] at t = (i + vk)Tf 
can become zero. Moreover, a+, [i], e, [i] on the sampling 
point converge to zero at the rate of the eigenvalues of 
APT + &,MF~ and i (th e poles of the regulator and 
observer). Therefore, the perfect disturbance rejection 
is achieved (q,[i + vk] = 0) in the steady state. The 
poles of the regulator and observer will be tuned by the 
tradeoff between the performance and stability robust- 
ness . 

For the plant (21) discretized by (2), the discrete-time 
observer on the sampling points is obtained from the 
Gopinath’s method by 

iqi + l] = &[i] + i;y[i] + jU[i] (24 
&[i] = h[i] + dy[i]. (25) 

Figure 5: Multirate control with disturbance observer. 

As shown in Fig. 5, let the feedback control law be 

u[i] = F&,[i] + F&[i] = F;[i], (26) 

where F & [Fp, Fd]. Notice that the F of the above 
equation is different from that of (12) used in Cl [z] de- 
sign. Letting e, be the estimation errors of the observer 
(e, =2)-w), h f 11 t e o owing equation is obtained. 

S[i] = x[i] + &e,[i]. (27) 

From (23) to (27), th e c 1 osed-loop system is represented 
by 

xp [i + vk] [ 1 zd[i+vk] = 

e, [i + 11 

(28) 

&k + BPkFP ipdk +. BPkFd B,kF& 

0 Adk 0 

0 0 ;I I[ XP 14 
zd[i] 

ev [il 

Because full row rank of the matrix .&k can be assured 
[15], Fd can be selected so as to the (1,2) element of 
the above equation becomes zero for all b = 1, . . , A4. 

;Ipdk + tipkFd = 0 (29) 

The simultaneous equation of (29) for all k becomes 

.ipd+iipFd = 0, (30) 

[ -;ipd / BP ] a - (31) 

(32) 
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Substituting (24) for (26), the feedback type controller 
is obtained by 

F, design by the inter-sample observer: In 
this section, the inter-sample observer is introduced, 
and the state-feedback control input F,i,[i] in (26) 
is decided by the proposed observer. From the es- 
timated state (25) on the sampling points, the inter- 
sample plant state is estimated by 

iip[i] = .ipcSp[i] + B,u[i], (34) 

where Z,[i] = [kp[i + ~01, . . , sp [i + PN-~]]~, and 
A,, BP are calculated by (6). Utilizing the inter-sample 
estimated state, let the state-feedback control input be 

uj[i] = f@,[i + pj-I], (35) 

where f. is the state-feedback gain designed for the 
plant discretized on T, . (35) can be described by 

u[i] = FOkp[i], Foe diag{f,,~~~,f,} (36) 

From (34) and (36)) F, is given by 

F, = (I - Fo&~)-~Fo~~. (37) 

3 Applications to HDD 
In the head-positioning control of hard disk drives, 
the track-seeking mode and the following mode are re- 
quired. In the track-seeking mode, the feedforward per- 
formance is important because the head is moved to the 
desired track as soon as possible. After that, the head 
need to be positioned on the desired track while the 
information is read or written. In the track-following 
mode, the disturbance rejection performance is impor- 
tant because the head must be positioned finely on the 
desired track under the vibrations generat.ed by the disk 
rotation and disturbance [ 171. 

In this section, the proposed TDOF controllers are ap- 
plied to each modes. While servo signals are detected 
at a constant period about 100 [ps], the control input 
can be changed 2-4 times between one sampling period 
in the recent hardware [3, 41. Therefore, the proposed 
approaches are applicable. 

3.1 Modeling of the plant 
The experimental setup is 3.5-in hard disk drive. Let 
the nominal model of this plant be 

PC(S) = -3 
Mps2' 

The sampling time of this drive is T, = T, = 138.54 
bs]. The actual plant has the first mechanical reso- 
nance mode around 2.7 [kHz]. The Nyquist frequency 
is also 3.6 [kHz]. In spite of those, this experiment chal- 
lenges 3 sampling time (2.4 [kHz]) for one track seeking. 

Figure 6: Command responses 

3.2 Applications of perfect tracking controller 
to seeking mode 
In this section, the perfect tracking control system pro- 
posed in section 2.2 is applied to the seeking mode. 

The perfect tracking controller is designed on input 
multiplicity N = 4. Because the plant is second order 
system (n = 2), the perfect tracking is assured N/n = 2 
times at every sampling points. In the following simu- 
lations and experiments, the proposed method is com- 
pared with ZPETC proposed in [7]. ZPETC is one of 
the most popular and important feedforward controllers 
in the mechanical system control. [4] applied it to the 
hard disk drive control. 

The frequency responses from the desired trajectory 
yd[i] to the output y[i] are shown in Fig. 6. Because 
the proposed method (PTC) assures the perfect track- 
ing, the command response becomes 1 in the all fre- 
quency. However, the gain of ZPETC decreases in the 
high frequency. The frequency of the short-span seek- 
ing is 2 [kHz] around. Therefore, it is expected that 
the proposed method can demonstrate better seeking 
performance than ZPETC. 

The control period T, of ZPETC becomes four times as 
long as that of the proposed method because ZPETC is 
single-rate’. The single-rate PI-Lead filter is designed 
for feedback controller. Moreover, the desired trajec- 
tory (39) is selected, which jurk (differential accelera- 
tion) is smooth in order not to excite the mechanical 
resonance mode. 

Y*(s) = 
AT 

s(r,s + 1)4 

In (39), the moving distance is A, = l[trk] and the 
frequency is f? = & = 2.8[kHz]. 

Simulated and experimental results are shown in Fig. 
7. Fig. 7(a)(b) h s ow that the proposed method gives 
better performance than ZPETC. While the response 
of ZPETC has large tracking error caused by the un- 
stable zero, that of the proposed method has almost 
zero tracking error. Fig. 7(c) also indicates that the 
proposed multirate input is very smooth. Table 1 
shows the average seeking-time which obtained in the 
experiments. The seeking-time of the PTC is much 

’ [4, IS] attempt to extend ZPETC to multirate controllers. 
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(a) Position (Sim.) (b) Error (Sim.) 

Table 1: Experimental seeking-time. 
PTC 1 ZPETC 1 Conventional 

3.17T, 1 3.77T, ( 4.14T, 

d,(t) 4(t) 

- - 
. PC(S) 

P4t) 

Figure 8: Following mode. 

smaller than that of ZPETC and the conventional set- 
tling control[l7]. The details of this experiments are 
presented in [19] which includes the middle-span seek- 
ing. 

3.3 Applications of perfect disturbance rejec- 
tion controller to following mode 
In this section, the perfect disturbance rejection control 
system proposed in section 2.3 is applied to the follow- 
ing mode. The block diagram of the following mode 
is shown in Fig. 8. The disturbance c&(l) represents 
the vibration of the track generated by the disk rota- 
tion, which is called track runout. The objective of this 
mode is to make the position error pe(t) zero. n(l) and 
d, (t ) represent the measurement noise and acceleration 
disturbance, respectively. 

In the following mode, the two kinds of disturbance 
should be considered; repeatable and non-repeatable 
runout. Repeatable runout (RRO) is synchronous with 
the disk rotation, and non-repeatable runout (NRRO) 
is not synchronous. There exist three approaches to re- 
ject RRO; (1) repetitive control, (2) feedback control 
based on the internal model principle, and (3) identifi- 
cation and feedforward control. In this paper, the RR0 

-020--L.8 
f w4 

(c) Control input (Sim.) 

Figure ‘7: Simulated and experimental results on the seeking mode. 

is modeled by a sinusoidal disturbance, and it is per- 
fectly rejected at M inter-sample points in the steady 
state. Therefore, the proposed approach is in category 

(2). 

In this paper, the following disturbance models are con- 
sidered. 

(*I : d(s) = s(s2 :wi,, (B) : d(s) = f (40) 

The model (A) makes the sensitivity function S(s) 
small in the low frequency and the rotation frequency of 
the disk w~(= 27r120). The model (B) is introduced for 
comparisons with conventional PI-lead filter, because 
the controller which composed of state-feedback and 
disturbance observer for (B) becomes 2nd order with 
an integrator. 

The perfect disturbance rejection controllers are de- 
signed on N = 2,4. The proposed method is compared 
with the single-rata disturbance observer, in which the 
disturbance is modeled by d[z] = Z[d(s)]. 

The all poles of the regulator and observer are assigned 
to exp(-2rf,lT,) as shown in Table 2. These poles are 
selected to set the open-loop 0 dB cross-over to about 
500[Hz]. Fig. 9( ) h a s ows the sensitivity and complimen- 
tary sensitivity functions (S[z], T[z]) for model (A) and 

P). 

Fig. 9 shows the simulated results under the 120[Hz] 
sinusoidal runout added from t = 0, which amplitude 
is 1 [trk] = 3.6[pm]. Although the transient position 
errors are large, the steady state position errors of the 
controllers (A) b ecome zero at sampling point, because 
the feedback controller has the internal model of the 
RRO. However, Fig. 9(b) shows that the inter-sample 
responses have the tracking error even in the steady 
state. It is shown that the errors of the plant posi- 
tion and velocity become zero at every 2T,/N by the 
proposed controllers. Moreover, the inter-sample posi- 
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(a) S[z],T[z] : & = 1 (b) Control input 

(c) Position error in steady state 

Figure 9: Simulated results on the following mode 

Table 2: The open loop characteristics. 

Disturbance Model A A B B 
Input multiplicity N 1 4 1 4 
Closed-loop poles fer 240 240 390 390 

Gain margin rdB1 -6.93 -6.95 11.9 12.5 
180 deg cros;ovkr (Hz] 249 249 1573 1635 

Phase margin [deg] 29.5 29.6 35.8 36.2 
0 dB cross-over [Hz] 507 510 505 506 

tion errors of the proposed multirate methods are much 
smaller than that of the single-rate controller. 

The open loop characteristics are shown in Table 2. As 
same as the results of [l], it is shown that the gain and 
phase margin are increased by the multirate feedback 
using the proposed inter-sample observer. 

4 Conclusion 

In this paper, the digital control systems which have 
hardware restrictions of T, < TY are assumed, the mul- 
tirate feedforward controller is proposed, which assures 
the perfect tracking at M inter-sample points. More- 
over, the multirate feedback controller is also proposed, 
which guarantees the perfect disturbance rejection at 
M inter-sample points at the steady state. 

Furthermore, the former is applied to the track-seeking 
mode of the hard disk drive, and the later is also ap- 
plied to the track-following mode. The advantages of 
this approach are demonstrated by the simulations and 
experiments. The proposed methods can be extended 
to the plants with time delay [19]. 

Finally, the authors would like to note that part of this 

research is carried out with a subsidy of the Scientific 
Research Fund of the Ministry of Education. 
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