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ABSTRACT
Thisarticle proposesa geometricinterpretationof discrete

fractional order controllers basedon sampling time scaling
property. Due to its clear interpretation,satisfactoryaccuracy
andeasyprogramming, thepropertycouldbeusedasa reliable
simulationand realizationmethodfor fractional order control
systems.Theexperimentsof one-inertiaspeedcontrol with frac-
tional order integral controllers realizedby the proposedsam-
pling timepropertyare alsocarried out to verify thetheoretical
robustnessof fractional1� sα systems.Theexperimentalresults
showthe superior robustnessperformancesof fractional 1� sα

systemsagainst saturation non-linearity and inertia variation,
which highlightsthe promisingaspectsof fractional order con-
trol.

1 INTRODUCTION
The conceptof expandingderivativesandintegralsto frac-

tional (non-integer)orders is by no meansnew. In fact,Leibniz
mentionedthis conceptin a letter to L � Hospital over threehun-
dredyearsago (1695)and the earliestmoreor lesssystematic
studiesseemto have beenmadein the beginning and middle
of the 19th century by Liouville� 1832� � Holmgren� 1864� and

Riemann� 1953� [1]. However, the conceptof fractional order
control, in which the controlledsystemsor controllers are de-
scribedby fractionalorderdifferentialequations,wasnotwidely
incorporatedinto controlengineeringmainly dueto theconcep-
tually difficult ideaof takingfractionalorderandto theexistence
of sofew physicalapplicationsat thattime [2].

In last few decades,researcherspointedout that fractional
order differentialequationscould model variousreal materials
moreadequatelythanintegerorderonesandprovideanexcellent
tool for the descriptionof dynamicalprocesses[1, 3,4]. Those
fractionalordermodelsneedthecorrespondingfractionalorder
controllers to beproposedandevokedtheinterestto variousap-
plicationsof fractionalordercontrol [5–8]. The significanceof
fractionalordercontrol is that it is a generalizationand“inter-
polation” of classicalintegral ordercontrol theory, which could
leadto moreadequatemodelingandeasierdesignof robustcon-
trol systemsagainstuncertainties.

It is well known that integerorderderivativesandintegrals
have clearphysicalandgeometricinterpretations,suchasslope
or velocity for derivativesandareaor distancefor integralsgen-
erally. Theseclearandeasilyunderstandableinterpretationssim-
plified their applicationsto variousproblemsin different fields,
includingcontrol theorythat is extremelywell developedbased
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on integerorderdifferentialequations.On thecontrary, for frac-
tional orderderivativesandintegrals,it wasnot so. Thenotori-
ouslackof cleargeometric interpretationsmadefractional order
derivatives and integrals conceptuallydifficult and greatly ob-
structedtheirrealapplications.Podlubnyproposedasimplegeo-
metricinterpretationof fractionalintegralsas“changingshadows
on thewall” andsomepicturesdescribingthis changingprocess
weregiven[9]. But for theapplicationsof fractional ordercon-
trollers to discretecontrol systems,how to interpret the role of
thesecontrollersin discretedomainis muchmoreconcerned.

Thepaperis organizedasfollows: in sectionII, basicmathe-
maticalaspectsarementionedin orderto show thatthefractional
ordercontrol is a generalization of classicalinteger ordercon-
trol theory;in sectionIII , aninterpretationfor discretefractional
ordercontrollers basedon “sampling time scaling” propertyis
proposedandits applicationto reliablesimulationof fractional
ordercontrol systemsis mentioned;in sectionIV, mostempha-
sis is placedon the reliablerealizationof fractionalorder1 � sα

one-inertiaspeedcontrol systemby proposed“sampling time
scaling”property andits robustnessagainstparametervariation
andsaturationnon-linearity;finally, in sectionV, conclusionsare
drawn.

2 MATHEMATICAL ASPECTS
2.1 Mathematical Definitions

Themathematicaldefinitionof fractional calculushasbeen
thesubjectof severaldifferentapproaches[1,3]. Themostfre-
quentlyencountereddefinitionis calledRiemann� Liouvilledef-
inition, in which thefractional orderintegralsaredefinedas

aD 	 α
t 
 1

Γ � α �  t

a
� t � ξ � α 	 1 f � ξ � d � ξ � (1)

while thedefinitionof fractionalorderderivativesis

aDα
t 
 dγ

dtγ � aD 	�� γ 	 α �
t � (2)

where

Γ � x���  ∞

0
yx 	 1e	 ydy (3)

is theGammafunction,a andt arelimits andα (α � 0 andα � R)
is theorderof theoperation.γ is anintegerthatsatisfiesγ � 1 �
α � γ.

Theotherapproachfor fractionalordercalculus’definition
is Grünwald � Letnikov definition:

aDα
t 
 lim

h� 0
nh� t 	 a

h	 α
n

∑
j � 0

� � 1� r � α
j � f � t � jh� (4)

Wherethebinomialcoefficients � r � 0�� α
0 � 
 1 � � α

j � 
 α � α � 1� � � � � α � j � 1�
j!

(5)

2.2 Laplace and Fourier Transf orms
The Laplacetransforms [1, 3] of the Riemann� Liouville

fractionalderivativewith orderα � 0 is

L � 0Dα
t  !
 sαF � s� � n 	 1

∑
j � 0

sj � 0Dα 	 j 	 1
t f � 0� � (6)

where � n � 1 �#" α � n. If

0Dα 	 j 	 1
t f � 0� 
 0 � j 
 0 � 1 � 2 � � � � � n � 1 (7)

then

L � 0Dα
t f � 0�  !
 sαF � s� (8)

Obviously, the Fourier transform of fractional order calculus
couldbeobtainedby settings 
 jω in its Laplacetransformjust
like theclassicalintegerordercalculus’.

Fractionalordercalculusis alsoageneralizationof classical
integerordercalculusin LaplaceandFourier transforms, which
wouldmeanthatextremelywell developedclassicalintegerorder
controltechniquescouldstill befully referredin fractionalorder
control.

3 SAMPLING TIME SCALING
By Riemann� Liouvil le definition,fractionalorderintegral

with orderbetween0 and1 is

0Iα
t f � t � 
  t

0
f � τ � dgt � τ � � 0 � α � 1 (9)

where

gt � τ � 
 1
Γ � 1 � α � $ tα �%� t � τ � α & (10)

Let
t 
 nts (11)

wherets is the samplingtime andn is the stepcurrently under
execution.Then,

gnts � kts � 
 nα �%� n � k � α
Γ � 1 � α � tα

s � k 
 1 � � � � � n (12)
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Therefore,the“real” samplingtime T of thekth stepin discrete
fractionalintegral controlleris

Tnts ( kts )#* ∆gnts ( kts )+* gnts ( kts ) , gnts - ( k , 1) ts.* ( n , k / 1) α , ( n , k ) α
Γ ( 1 / α ) ts

α (13)

Thus,

Tnts ( nts )0* 1α , 0α

Γ ( 1 / α ) tsα

Tnts - ( n , 1) ts.1* 2α , 1α

Γ ( 1 / α ) tsα2 2 2
Tnts ( ts )0* nα , ( n , 1) α

Γ ( 1 / α ) ts
α (14)

Finally, basedon thetrapezoidalintegrationrule

0Iα
nts 3 n

∑
k4 1

f ( kts ) / f - ( k , 1) ts.
2

Tnts ( kts ) (15)

and

0Iα
nts * lim

ts 5 0
t 4 nts

n

∑
k4 1

f ( kts ) / f - ( k , 1) ts.
2

Tnts ( kts ) (16)

Similarly, for fractionalorderderivatives

0Dα
t f ( t )+* 1

Γ ( 1 , α ) d
dt 6 t

0

f ( τ )( t , τ ) α dτ 7 0 8 α 8 1* d - 9 t
0 f ( τ ) dgt ( τ ) .

dt
(17)

where

g:t ( τ )#* 1
Γ ( 2 , α ) - t1 ; α , ( t , τ ) 1; α . (18)

Thus,

T :nts ( nts )0* 11 ; α , 01 ; α

Γ ( 2 , α ) ts
1; α

T :nts - ( n , 1) ts.1* 21 ; α , 11 ; α

Γ ( 2 , α ) ts
1; α2 2 2

T :nts ( ts )0* n1 ; α , ( n , 1) 1 ; α

Γ ( 2 , α ) ts
1 ; α (19)

and

6 nts

0
f ( τ ) dg:t ( τ ) 3 n

∑
k4 1

f ( kts ) / f - ( k , 1) ts.
2

T :nts ( kts ) (20)

Therefore,

0Dα
nts f ( nts ) 3=< n

∑
k4 1

f ( kts ) / f - ( k , 1) ts.
2

T :nts ( kts ), n; 1

∑
k4 1

f ( kts ) / f - ( k , 1 ) ts.
2

T :> n ; 1? ts ( kts ) @BA ts
(21)

and

0Dα
nts f ( nts )C* lim

ts 5 0
t 4 nts

< n

∑
k4 1

f ( kts ) / f - ( k , 1) ts.
2

T :nts ( kts ), n; 1

∑
k4 1

f ( kts ) / f - ( k , 1 ) ts.
2

T :> n ; 1? ts ( kts ) @BA ts
(22)

FromEqn.(14)andEqn.(19),theinterpretationof discretefrac-
tional order controllers is seento be that they consist in the
derivativesand integralswith scaledsamplingtime decidedby
the fractional order and the stepcurrently underexecution. It
canbeseenin Fig. 1 andFig. 2 that theconstantsampletime is
greatlydeformedby thestepit belongsto. For thediscreteI 0 D 5
fractionalorderintegral controllers with samplingtime 0.01sec,
thescaledsamplingtime of the lateststepis 0.1128sec, over 11
times of the constantsamplingtime, while in the past1000th
step,it is 0.0018sec, only 18 percentof the constantsampling
time. The length of scaledsampling time fadesaway quite
rapidly (Fig. 2). Evenin past50thstepthescaledsamplingtime
is 0.008sec, only 7 percentof the latestone’s. The pastvalues
aresomewhat“forgotten” in discretefractionalordercontrollers
dueto the scaledtiny samplingtime, while in their integer or-
dercounterpartsall thevaluesare“remembered” with thesame
weights.

Clearly, when the order is integer, the existing time scal-
ing effect disappearsandall thesamplingtime is keptconstant,
rightly equalsthe classicalinterpretation of integer orderones,
whichshows in discretedomainfractionalordercontrolis alsoa
generalizationand“interpolation” of integerordercontroltheory
basedon theproposedinterpretation.

This time scalingproperty could explain the robustnessof
fractionalordercontrollers againstsaturationandothernonlin-
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Figure 1. TIME SCALING PROPERTY OF DISCRETE I0 ] 5 CON-
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Figure 2. DISCRETE I0 � 5 CONTROLLER’S SCALED SAMPLING TIME

earitiesandbe an easyway to understandthe essenceof frac-
tional order control systemsas being linear time varying sys-
tem actually. Due to its clear interpretationandeasyprogram-
ming, theproperty couldbea reliablesimulationandrealization
methodfor somesimplefractionalordercontrolsystems.

TheShortMemoryPrinciple is beingusedintensively in the
simulationandrealization of discretefractionalordersystemsby
severalauthorsin theliterature [3], [10–12]. Theprincipletakes
into accountthebehavior of f � t � only in the“recentpast”,i.e. in
theinterval [t � L, t], whereL is thelengthof “memory”:

aDα
t f � t �#� t � L Dα

t f � t � � t ��� a � L � (23)

By usingtheShortMemoryPrinciple,thediscreteequivalent of

thefractionalordercontroller in discretedomainis givenby

� ω � z� 1 � � � α � T � α � L � T �∑
j � 0

c� � α �
j (24)

whereT is samplingtimeandthebinomialcoefficientsare:

c� � α �
j

� � � 1� j  1¡ α
j ¢ �=  1 � 1 �£� ¡ α �

j ¢ c� α
j � 1 � c� α

0
� 1 (25)

However from the sampling time scaling property, it can be
clearly seen that even though the past values are forgotten
rapidly, due to the large quantities,their influencesshouldnot
besimplyneglected.

In orderto show ShortMemory Principle’s accuracy prob-
lem, thefractionalα orderintegralc � t � of theunit stepfunction:
f � t � � 0 �¤� ∞ ¥ t ¥ 0; and f � t � � 1 � t ¦ 0 simulatedby the
principle (L=50) is comparedwith the real valuesthat couldbe
accuratelyarrivedatbasedontheRiemann� Liouvil ledefinition:

c � t � � 1
Γ � α ��§ t

0
� t � ξ � α � 1 ¨ 1 ¨ dξ� 1

Γ � α � ¨ � t � ξ � α
α ©©©©

0

t� 1
Γ � 1 � α � tα (26)

Figure.3 showsthatShortMemoryPrinciplesimplydiscardsthe
paststeps’valuebeyond the memorylengthandthe outputbe-
comessaturationimmediately. This shortcomingwould greatly
lower its approximateaccuracy andleadto fatal static-stateer-
ror especiallyif thefractionalorderintegralcontrolleris realized
by this method.At thesametime, usingtheproposedsampling
time propertycouldgive satisfactoryaccuracy andbea reliable
andeasyprogrammingsimulationandrealizationmethodfor dis-
cretefractionalordercontrollersandsystems.

4 REALIZATION OF 1ª sα SYSTEMS
4.1 Robustness against Gain Variation

The characteristic equationof close-loop1ª sα systemwith
variablegain factorA is

1 � Asα � 0 (27)

For 1 ¥ α ¥ 2, Eqn. (27) has two complex-conjugate domi-
nantpolesin the principle sheetof the Riemannsurface � π ¥
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Figure 3. ACCURACY OF SHORT MEMORY PRINCIPLE AND THE

PROPOSED METHOD (α=0.5, sampling time=0.01sec)

arg Ó sÔ#Õ π:

s1 Ö 2 × A
1
α eØ jπ Ù α (28)

Therelativedampingratio ζ is

ζ × cos Ú π Û π
α Ü × Û cos Ú π

α Ü (29)

This resultshows thattherelative dampingratio ζ is exclusively
decidedby orderα andindependentof thegain factorA.

In frequency domain,thecharacteristic equationis:

1 Ý AG Ó jω Ô × 0 (30)

Equation.(30)canberewrittenin theform:

G Ó jω Ô × Û 1
A

(31)

Themovementof Û 1Þ A canbeconsideredto bethelocusof the
critical point (Fig. 4) whenthegain variation occurs.For thein-
teger ordersystems,this movementusually leadsto lessphase
margin andlow dampingof over-swings.But for fractional 1Þ sα

systems,phasemargin and relative dampingratio can be kept
constantin wide rangeof frequenciesbelow and in the neigh-
borhoodof the critical point. This characteristichighlights the
hopefulaspectof applyingfractionordercontrollersto realcon-
trol problems.

4.2 Time responses of 1Þ sα Systems
In order to reliably verify the robustness of frac-

tional 1Þ sα systemsbased on the above theoretical analy-
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Figure 4. CONSTANT PHASE MARGIN OF 1Þ sα SYSTEM

sis, fractional order integral controllers realizedby the sam-
pling time scaling property on a digital computer are in-
troduced to achieve the speedcontrol of an electric motor
with nominal inertia Jm0=6.53ð 10ñ 4kgm2, friction coefficient
Dm=1.25ð 10ñ 3Nm ò secÞ rad, controller’s coefficient Ki=0.11,
samplingtime T=0.001secandan encoder(8000pulseÞ rev) as
feedbackvelocity sensor. Non-linearity of torquesaturationis
alsointroducedin theunity feedbackcontrolsystem(Fig. 5).
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ω 

Figure 5. FRACTIONAL r ORDER I CONTROL LOOP WITH NON-

LINEAR FACTOR

It canbeseenclearlythat in their time responses,fractional
ordersystemsarealsothe“interpolation” betweenintegerorder
onesandthe time domainperformances,suchasovershootand
settlingtime, arechangedgreatlywith differentorders(Fig. 6).
In Fig. 7 a constantovershootcanbe ensuredin faceof inertia
variation, showing a goodrobustnessof fractional1Þ sα systems
in timedomain.In thesameline,Fig.8 alsoshowsthatfractional
order controller is robust for saturationnon-linearity, which is
oneof the mostordinary non-linearphenomenain control sys-
tems.

5 CONCLUSIONS
Therecentprogressin theareaof moreadequatemodeling

of control plantsby fractional order modelsrevealspromising
aspectsfor futuredevelopmentandapplicationof fractionalor-
der control. Somepreliminary works have beenproposedbut
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Figure 6. TIME RESPONSES OF 1/ sα SYSTEM
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Figure 7. ROBUSTNESS OF THE FRACTIONAL SYSTEM AGAINST

INERTIA VARIATION: Jm0 l 6 m 53 n 10o 4kgm2 p Jm1 l 3 m 36 n
10o 3kgm2 (left: r l 1, right: r l 0 m 5)
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Figure 8. ROBUSTNESS OF THE FRACTIONAL SYSTEM AGAINST

TORQUE LIMITATION Tmax (left: r � 1, right: r � 0 � 5)

theclearinterpretationof discretefractionalordercontrollers re-
mainedunknown. In this paper, thesamplingtime scalingprop-
erty is proposedto giveaninterpretationof fractional ordercon-
trollersin discretedomain.This interestingproperty mightbean
importantpointto understandtheessenceof fractionalordercon-
trol in discretedomainaslinear time varying systemsandbe a
helpful hint for exploring theconnectionsbetweenfractionalor-

dercontrolandexisting moderndigital controlmethodssuchas
multi-ratesamplingcontrolandits applicationsto digital control
systems.Somemorepreferableapproximaterealization methods
of fractionalordercontrollers couldalsobedevelopedbasedon
this property. Experimentsof fractional1� sα systemswerealso
carriedout to verify fractionalordercontrollers’ superiorrobust-
nessagainstparametervariation andsaturationnon-linearity that
highlightstheirpromisingaspectswhile futureexplorationof the
applicationsto morecomplex casesis needed.
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