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Abstract— In this paper, we propose a novel design method
of target trajectory for high-speed and high-precision head-
positioning of hard disk drive system. To realize smooth accel-
eration and deceleration, the derivative of jerk is considered
not to activate any mechanical vibrations. We applied the well-
known optimal control theory to fix the initial and terminal
conditions. Moreover, we showed that various performance
can be improved by introducing time varying weighting
coefficients. Some experimental results using a 2.5 inch hard
disk drive are shown to verify the effectiveness of the proposed
method.
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I. INTRODUCTION

Unlike semiconductor memory, Hard Disk Drive
(HDD) requires quick and precise mechanical operation of
the head known as head-positioning for write-in and read-
out of data.

In this positioning control of HDD system, three kinds
of servo control methods have been commonly applied,
namely, seek mode, settling mode and following mode. In
the seek mode, the head is driven from the current track
close to the desired data track. In the settling mode, it
is positioned on the center of the desired track. In the
following mode, the head position should be kept within a
certain area to read and write the data[1].

However, in this mode-switching type control system,
residual vibration at mode-switch is a serious problem.
To solve this problem, some techniques such as initial
value compensation of controller’s state variables have been
proposed but they are complicated[2].

On the other hand, Two - Degrees - Of - Freedom
(TDOF) controller does not need any mode-switching and
the problems caused by switching do not exist[3][4]. In this
method, a smooth target trajectory design not to excite any
mechanical vibration is the most important problem.

The novel design method we propose in this paper
aims at shortening seek time and minimizing jerk (rate of
change of acceleration) which causes vibration. A novel
cost function for minimizing jerk are firstly introduced,
and the target trajectory is generated based on the well
known optimal control theory with fixed initial and terminal
conditions.

II. T RAJECTORY DESIGN CONSIDERING DERIVATIVE OF
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Fig. 1. Simple model of VCM

First, the Voice Coil Motor (VCM) is simply modeled
as shown in Fig.1. The state equations take the form
of (1), where,x1, x2, x3 and x4 are position, velocity,
acceleration, and jerk, respectively.
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Note that the jerk,x4, is included as the new state
variable. The cost function to be minimized is given by
(2).

J =
1
2

∫ tf

0

[xT (t)Qx(t) + vT (t)Rv(t)]dt

+
1
2
xT (tf )Sx(tf ) (2)

The integral of square of jerk derivative is also included
in vT (t)Rv(t) together with position, velocity, acceleration,
and jerk.

Boundary conditions are given by (3), where,tf anda
represent the access time and the access distance, respec-
tively.
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The Hamiltonian is given by (4).

H =
1
2
(xT (t)Qx(t) + vT (t)Rv(t)) + λT (Ax(t) + Bv(t))

(4)

The canonical equations are shown by (5) and (6), and
here, x and λ vary according to these linear differential
equations.

ẋ =
∂H

∂λ
= Ax + Bv (5)

λ̇ = −∂H

∂x
= −Qx − AT λ (6)

The optimal control input becomes:

v = −R−1BT λ (
∂H

∂v
= Rv + BT λ = 0) (7)

Using this optimal control input, the above-metioned
canonical equations can be simplified to (8).
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]
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From the transversality condition in the free terminal
value case, (9) is obtained.

λ(tf ) = Sx(tf ) (9)

As is well-known, by using assumption (10), the two
point boundary value problem can be changed to a one
point boundary value problem.

λ(t) = P (tf − t)x(t) (10)

The Ricatti differential equation as shown in (11) is
obtained from (8) and (10), where,τ = tf − t.

Ṗ (τ) = P (τ)A + AT P (τ) − P (τ)BR−1BT P (τ) + Q
(11)

The boundary conditionP (0) = S is derived from
λ(tf ) = Sx(tf ) = P (tf − tf )x(tf ) = P (0)x(tf ).

Here, the valueS = P (0) = ∞ is substituted in order to
fix the terminal value (xf ) precisely for HDD positioning
control.

This is impossible in practice, therefore, by using the
relation ofPP−1 = I, the Ricatti differential equation in
terms ofP−1 can be obtained as (12).

Ṗ
−1

(τ) = −AP−1(τ) − P−1(τ)AT + BR−1BT

− P−1(τ)QP−1(τ) (12)

This Ricatti equation can be solved starting from its
initial condition P−1(0) = 0. Based on this solution, the

differential equation (13) can be obtained from (8) and (10).

ẋ(t) = (A − BR−1BT P (τ))x(t) (13)

Finally, the target trajectoryx(t) can be generated by
solving this differential equation (13).

III. EXAMPLE OF TRAJECTORY GENERATION

A. Trajectory change in case of time-invariant weighting
factor Q
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Fig. 2. Acceleration of obtained trajectories with changes inQ

Numerical computation is performed using MAT-
LAB, where, the weighting factorQ appears as (14).

Q =


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0 q2 0 0
0 0 q3 0
0 0 0 q4


 ,R = 1 (14)

In this section, we explain the acceleration of obtained
trajectories with changes in Q in terms of high-speed and
high-precision.

Fig.2 shows the acceleration of obtained trajectories with
changes in Q. In Fig.2 (a), we can see that the trajectory
with changes inq1, where q2 = q3 = q4 = 0, has an
asymmetric form. And we also can see that the response
to positioning becomes quick as the value of the weighting
factor q1 becomes large. In this figure, we can check
the response to positioning is the highest-speed around
q1 = 1030.

However,it is not desirable as a target trajectory as any
case with changes inq1 causes overshoot.



In Fig.2 (b), (c), (d), we can see that the trajectory with
changes inq2, q3, q4 has a symmetric form. And we also
can see that the jerk at the start and end become large, on
the other hand, the jerk around the middle become small.
However, large jerks at the ending points are not desirable
as they cause mechanical vibrations.

From these considerations, we can find that the case
whenQ = 0 gives the most suitable target trajectory which
induces the least vibration in these cases of time-invariant
weighting factorQ.

Much higher speed positioning control system can be
realized considering time-varying weighting forQ(t).

B. Analytical solution where Q = 0
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Fig. 3. Normalized trajectory based on the equation (15)∼ (18)

Even in the special case whereQ = 0, it is also
expected that jerk will be suppressed because jerk deriva-
tive is still included in the cost function. This concept is
the same as the well-known SMART, but SMART only
considered jerk. Like SMART theory, the mathmetical
expression of our trajectory can be given by (15)∼ (18),
whereQ = 0.
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Normalized trajectory of each state relevant to (15)∼
(18) is shown in Fig.3. We can see from Fig.3 that jerks at
the starting and ending points are suppressed effectively.

C. Trajectory in case of time-varying weighting for Q(t)
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Fig. 5. Trajectory for higher-speed seeking byQ(t)

For higher-speed seeking, we propose a trajectory
which accelerates quickly at the start, decelerates slowly
at the end, and positions smoothly at the end point. Such
an asymmetric trajectory can be realized easily by using
the time-varying weighting factorQ(t) in our proposed
method.

In this section, we introduce the target trajectory for
higher-speed seeking which is generated based on the result
of section III-A.

Some conditions for higher-speed trajetory is as follows:

• move to target position at high speed
• do not activate any overshoot
• keep smooth the velocity trajectory from the point in

time of the maximum speed to the end
• minimize the jerk at the end
• must not exceed the maximum current

Finally, meeting the above conditions, we weightQ(t) as
shown in Fig.4 and design the trajectory for higher-speed
seeking as shown in Fig.5.



IV. A PPLICATION TO HARD DISK DRIVE(SIMULATION )

Simulations were performed to verify the effective-
ness of the proposed method. In the simulations, we
applied the trajectory byQ(t) mentioned in section III-
C to an accurate system model of HDD. The model is
that of a 2.5 inch HDD and is identical to that used by
TOSHIBA Co. Ltd. in HDD research and development.
The model includes features such as mechanical vibrations.
In this section, the configuration of the simulation system
is explained and simulation results are shown.

A. Reference method to be compared

Cf Ps

Ka

Ve

Pm

d1 d2

ub
controller Imax plant

model

reference
velocity velocity

estimator

us

uf

umr e

ys

ey

ymVd

e

  loop B : model following control

  loop A : velocity control

Fig. 6. Model Following Control system

HDD seek control system based on Model Following
Control (MFC) is shown in Fig.6. The control input in this
case is a Bang-bang likewaveform.

The trajectory is generated according to the remaining
distance to the target track. It starts up with the bang-
bangwaveform for high-speed seeking. However, near the
desired track, the trajectory slows down smoothly. We use
this MFC system as the reference method to evaluate the
proposed method.

B. Configuration of simulation system

The ideal block diagram of the proposed design
method is shown in Fig.7.

Fig.7 shows the structure of TDOF control system.
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It is common to use the inverse system of the plant as
the feedforward controller. However, when an unstable
zero exists in the plant like in our case, the feedforward
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Fig. 8. Reconstructed positioning control system

controller becomes unstable.
By taking advantage of the fact that we can generate all

state variables’ trajectories in our method, Taylor expansion
is applied to calculate the coefficients for acceleration and
jerk as shown in (19). This is used as the feedforward
controller as shown in Fig.8.

1
P

y∗ = K1s
2y∗ + K2s

3y∗ = K1a
∗ + K2j

∗ (19)

C. Simulation results

Simulations based on Fig.8 were carried out, where
the number of access tracks are 1, 10 and 100 and access
times are 1.2 [ms](1 track), 2.4 [ms](10 tracks) and 3.2
[ms](100 tracks).

Figs.9,10 and 11 show simulation results of the proposed
method compared to the MFC trajectory.

From these figures, we can compare the time response
and robustness of the proposed method to those of MFC.
It is apparent that the proposed method shows quicker
positioning performance than MFC method if there is no
plant variation.

Here, the head positioning time is defined by the time
taken before the head is positioned within±10% of one
track width.
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Fig. 9. 1 track seek (simulation)

Moreover, we can see that the robustness of the
proposed method is nearly the same as that of MFC
method.

Next, we proceeded with experiments using actual HDD.
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Fig. 10. 10 track seek (simulation)
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Fig. 11. 100 track seek (simulation)

V. APPLICATION TO HARD DISK DRIVE(EXPERIMENT)

In this section, we show the results of experiments
where we applied the trajectory byQ(t) mentioned in
section III-C to 2.5 inch HDD to verify the effectiveness
of proposed method.

A. Experimental setup

PC

Matlab Excel

HDD

Experimental PC

Working PC

seek trajectory measured data

Fig. 12. Configuration of Experimental System

Fig.12 shows the configuration of the experimental
system.

First, we generated and tabulated the target trajectory
of the proposed method on working PC using MATLAB.
Next, we used the tabulated data as a feedforward input to
actuate the VCM of the 2.5 inch HDD on the experimental
PC.

The conventional feedback controller is composed of
a PID controller which is already tuned. The feedback
system has a sampling time of 132 [µs], but the feedforwad

controller has a sampling time of 66 [µs].
In this experiments, we used two different HDDs of

HDD�1 and HDD�2 in order to test the robustness the
proposed method.

B. Experimental results
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Fig. 13. 1 track seek (experiment)
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Fig. 14. 10 track seek (experiment)
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Fig. 15. 100 track seek (experiment)

Fig.13∼15 show experimental results of the proposed
method compared to the MFC trajectory.

From Fig.13∼15, we can see that the head positioning
times of 1 track, 10 tracks and 100 tracks are shortened by
approximately50%,50% and25%, respectively.

Here, the head positioning time is defined by the time
taken before the head is positioned within±10% of one
track width.



VI. CONCLUSION

In this paper, a novel method to design the target
trajectory considering the derivative of jerk is proposed,
which plays an important role especially in the TDOF
control system used for HDD positioning control. The
designed smooth trajectory suppresses (or does not activate)
mechanical vibration. The trajectory can be modified easily
by the choice of weighting functions for further improve-
ment while keeping the initial and terminal conditions
strictly. It is experimentally verified that the proposed
method is effective in suppressing mechanical vibration and
shortening access time.
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