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Abstract 
 

By optimally controlling EV in-wheel driving motors, traction forces between tire and road can be 
generated. Due to such precise traction force generation, yaw moment, which effects EV motion, can 
be controlled exactly. Yaw moment control improves maneuverability and keeps safety of EV, even in 
the case of acceleration or deceleration cornering.  

First, in this paper, we analyze the characteristics of EV. Next, we design a reference model, which 
has an expected maneuverability characteristics, and also use it for model following control. Second, 
we design a disturbance observer to estimate the traction forces on the driving wheels and the yaw 
moment generated by those traction forces. Third, using the observer outputs, we design the optimum 
distribution controller for traction force control.  

Using the proposed control methods, the required yaw moment is generated and controlled 
effectively, by which maneuverability and stability of EV can be improved to have almost the same 
characteristics as reference model. Simulations and experiments are to be performed to test the 
effectiveness of proposed control strategy.  
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1 Introduction  
In recent years, considering environmental 

protection and energy conservation, researches for 
electric vehicle (EV) have been put forward 
greatly. In the middle of the 21st century, EV will 
be the major tool of transportation system.  

Figure 1: “UOT March II” and in wheel motors

In-wheel motored EV is looked on as a new 
developed one. The typical configurations of that 
EV are in wheel motors, which are installed into 
wheels and can be controlled independently [1] [2]. 
Figure 1 shows our EV whose name is “UOT 
March II”. It has four in-wheel motors and can be 
controlled independently to improve EV motion 
behaviors [1].   

Since the application of the advantages of 
electrical motors for EV control systems, not only 



conventional control methods can be implemented more easily, but also some advanced control 
methods which are impossible for ICV can be realized for EV. Therefore the behavior of vehicle 
might be controlled much well than before. It is one of merits of EV [1][2]. 

By optimum force control of motored wheels, traction forces between tire and road could be 
generated. Due to such precise traction force generation, yaw moment, which effects EV yaw rate, can 
be controlled exactly [3]. In this paper, we will use this kind of yaw moment control strategy to control 
yaw rate and improve maneuverability and keep safety of EV, even in the case of acceleration or 
deceleration cornering. 

Generally speaking, the yaw moment, which is required for vehicle yaw rate control, could be 
obtained by force control of only two motored wheels on the different sides of EV. However, if all 
four wheels of an EV are motored, the same yaw moment value may be obtained by force control of 
different groups of motored wheels. Therefore, there are some redundant actuators for yaw moment 
generation. 

As for EV control system, that actuator redundancy means the number of control inputs is larger 
than the number of control outputs. For example, as mentioned above, if we would control yaw rate by 
using yaw moment which is generated by force control of motored wheels, the control inputs would be 
force commands to four motors and the control output would be yaw rate. There are four control 
inputs and one control output. There are two redundant motors in this case. 

However, when EV drives in critical or dangerous road conditions, the redundant motors can be 
used to choose optimum control inputs for avoiding tire slip or wheel lock and keeping stability of EV. 
In other case, for example, when one motored wheel fails suddenly, the redundant actuators could be 
used to compensate the failed one and reconfigure the control system. We will deal with that 
redundancy problem in the section of optimum force distribution. 

For using the advantages of redundancy, the information of tire forces should be well known. 
Although many kinds of expensive sensors are used, it is difficult to clearly know the tire friction 
forces in real time. Therefore, in this paper we also propose a disturbance observer based force 
estimation method, which is another key point in this paper. 

The remainder of this paper is organized as follows: section 2 is vehicle dynamic analysis of EV; 
section 3 discusses yaw rate control for maneuverability improvement; section 4 is estimation of 
lateral force by disturbance observer; section 5 is optimum force distribution; section 6 is preliminary 
conclusions and future works.  

2 Vehicle dynamic analysis 
The EV used to study the proposed control method is a 4 wheel motored electric vehicle (4WD in-

wheel-motored EV), which is shown in Figure1. The free body diagram is shown in Figure 2. We 
assume that the front steering angles are controlled by driver and equal to each other. Four motored 
wheels can be controlled to drive EV by controllers. In this paper, because we mainly discuss the yaw 
rate control for maneuverability improvement, therefore, it is natural to only consider the vehicle 
motion in the horizontal plane. We consider three degrees of freedom: the motion in the longitudinal 
direction X ; the motion in the lateral directionY ; yaw motion around the vertical axis Z . We also 
assume that the steering angle fδ and side slip angleβ are very small. The vehicle dynamics can be 
expressed by 

1. longitudinal dynamics 
4321 xxxxx FFFFMa +++=                                                                                                   (1) 

2. lateral dynamics 

4321)( yyyyy FFFFMVMa +++=+= γβ&                                                                            (2)  
3. yaw motion around the vertical axis 

zzyzx MMMJ =+=γ&                                                                                                             (3) 
)()( 3412 xxrxxfzx FFdFFdM −+−=                                                                                      (4) 

)()( 2143 xxfxxrzy FFlFFlM +−+=                                                                                        (5) 



Where M is vehicle mass; are longitudinal and lateral acceleration; yx aa , γ is yaw rate; β is side 

slip angle; is the front (rear) wheel thread; is distance between the center of gravity and 

the front (rear) axis. V is the velocity of EV.  are traction forces of tires. 
 are lateral forces of tires. The positions of those forces are shown in Figure 2. 
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2.1 Linear vehicle model for control design 
We assume that lateral tire forces are linear. The 

linear tire model is used and lateral forces are as 
follows: 

Figure 2: Free body diagram of “UOT March II”

}4,3,2,1{; =−= iCF iiyi α                                  (6) 
where C is cornering power of corresponding tire. i

iα  is slip angle of each tire. We simplify those 
variables as 
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In this paper, we also assume that the steering 
angle is small and the longitudinal velocity is 
constant. As for lateral dynamics of EV, we use 
steering angle as one input, which is controlled by 
driver. The other is yaw moment , which is 
generated by traction forces of each tire.  

zxM

From Eq.1 to Eq.6, we get the linear dynamic model as follow 
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From Eq.7 we obtain the transfer functions from steering angle and yaw moment to yaw rate as follow 
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where G are steady gains. T  are time constants. They are all defined according to the 
vehicle structure parameters

mr G, , mr T
 [3]. nς is the damping coefficient. nω  is the natural frequency of 

control system.  
As the preparation for next section, we define a reference model according to Eq.7 and Eq.8. We 

use the same method, which is explained in [4]. According to Eq.8, we choose a reference model which 
has quick response of yaw rate. The reference model is 
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where nn ωω >′ . In this study we define nn ωω 5.1=′ . 

3 Yaw rate control for maneuverability improvement 
During critical cornering, for example, accelerating or decelerating cornering, yaw rate control is 

expected to help driver to maintain stability of the vehicle, especially when the driver may have 



difficulties or unable to control vehicle by using the steer wheel alone. The objective is to be realized 
by yaw moment control, which is discussed in the introduction. For the purpose of control robust, we 
here also use model following control method to control the yaw rate follow the reference yaw rate 
trajectory, which is defined in Eq.9 and often looked on as a yaw response of vehicle in a case of 
desired yaw motion.  

In this paper we try yaw moment control which is the same as [4]. As Figure 3 shows, yaw moment 
controller works as the higher controller in whole of our control strategy. It is used to calculate yaw 
moment, which is the required control quantity for yaw rate stability. This yaw moment controller is 
designed by "2-DOF" control logic, which integrates yaw rate feed back control with yaw moment 
feed forward control. 

 As mentioned before, the required yaw moment for yaw rate stability should be realized by 
traction/brake force control of motored wheels. However, from the Figure 3, the quantity of generated 
yaw moment ( ) cannot be looked on as force commands ( ) for next minor tire 
driving/braking controllers. Therefore, as Figure 3 shows, between the higher controller and minor 
controller, we use the force distribution controller to generate force commands for the minor tire 
driving/braking force controllers according to the calculated yaw moment .  Further, if in the 

acceleration or deceleration case, the added driving force commands  should be looked on 
as another input variable of optimum force distribution, which is also shown in Figure 3. 

*
zxM *

xiF

*
zxM
*

acF

As the preparation for next section, according to Figure 3, we explain that why estimation of tire 
force is need for optimum force distribution.  

It is well known that the tire friction force has a limitation. If the force control commands ( ) are 
larger than the limitation of tire friction force, tire must slip or lock. And then the EV would be 
instability. In order to keep the stability of EV maneuverability, we cannot give a control command 
which is larger than maximum friction force of tire to minor force controller. Therefore the 
information about tire-road condition, for example, the maximum friction force, is very important for 
the optimum force distribution

*
xiF

 [5].  
In this paper, we consider tire road friction estimation (TRFE) by using Pacejka tire model based 

approach which is suggested in [7]. The model is shown in Figure 4. The relationship between the tire 
slip ratio and road friction coefficient is described based on the brush tire model. In [4] and [5], slop of 
friction force against slip ratio, which is αtan and shown in Figure 4, is estimated. By using the 

Figure 3: Block diagram of yaw rate control for maneuverability improvement 



estimated information of slop of friction force against slip, a kalman filter is designed to obtain the 
maximum value of tire road condition ( maxμ ).  

Considering load transformation because of the acceleration and deceleration, we use the 
longitudinal acceleration and lateral acceleration to estimate changes of the normal forces . The 
normal force on the four wheels can be calculated by 
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Second, as for maneuverability improvement, lateral force of tire is also important. Although many 
kinds of expensive sensors are used, it is difficult to clearly know the tire friction forces in real time. 
Therefore, we propose a lateral force estimation method which is designed by using disturbance 
observer. 

4 Estimation of lateral force by 
disturbance observer[7] 

Figure 4: Relationship between tire slip ratio 
and adhesion coefficient. It is used for 
estimating road friction condition. 

4.1 Disturbance observer for traction force 
estimation 

As Figure 5 shows, the dynamics of motored wheel 
can be expressed by 

dismw FF
dt
dJ −=′ ω                                         (14) 

d
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According to Eq.14, longitudinal friction force , 
which is also called traction force, can be derived by 

disF

dt
dJFF wmdis
ω′−=

zxM̂

                                      (16) 

Figure 5: Dynamic of one motored 
wheel 

It is easy to estimate a traction force by using a 
disturbance observer, which is show in Figure 6. 

4.2 Lateral Force estimation based on the 
disturbance observer 

Consider Figure 6, the estimation of traction force of 
each tire can be used to estimate yaw moment  
which is generated by the left and right tire traction 
forces. The proposed observer is show in Figure 7. 

Rewrite the Eq.2 and Eq.3 as follows, 

zxyrryff MFlFl
dt
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The front and rear lateral forces can be calculated as follows 
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In Eq.20 and Eq.21, deviation of side slip angle  can be obtained according to the side slip angle 

estimation, which is expressed in

β&
[8]. According to the Eq.7, the derivative variable  can be expressed 

by 
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In this study, we assume that the slip angles and road conditions of left and right tire are equal. We 
can get the lateral force of each tire as 
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Figure 8: Objective of optimum
force distribution 

                                    (26) 

5 Optimum force distribution 

5.1 Objective of optimum force distribution 

 
The objective of force distribution in this study, 

which is shown in Figure 8, is to find suitable force 
commands for the next force controllers. Then tire 
traction force will be generated by force control of 
motored wheels. By the tire traction forces, the target 
force and yaw moment required for controlling yaw 
rate of vehicle will be realized. 

Force distribution is also a constrained optimal 
problem. When the control inputs  and  are 
given, the “optimum finding” should be subject to the 
following constraints with considering vehicle 
dynamics. 

acF **
zxM *

Figure 6: Disturbance observer used for 
estimating traction force 

              (27) 
This equation means the sum of the force 

commands should be equal to the required total accelerating force to meet driver’s traction or braking 
command. 

Figure 7: Estimation of yaw moment 
generated by left and right traction forces
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This equation means yaw moment generated by force commands should be equal to the required 

yaw moment calculated by higher controller. 
}4,3,2,1{;ˆˆ 22
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Those inequality equations mean that the generated force commands should be less than the 
maximum friction force and keep working in the safety domain. 

As mentioned in the introduction, there are actuator redundancy problem here. From Eq.28 and 
Eq.29, two equality constraints are not enough to solve four variables. Hence it is impossible to get 
unique solutions under such conditions. There are two redundant variables, or we need more 
constraints conditions to solve force commands uniquely. However, efficient redundancy utilization 
might bring advantages. For example, it can be used for optimization of some criterion. The tire work 
load can be minimized by actively controlling redundant actuators. Another example is redundancy 
control can be used to improve the reliability of EV. Even though one or two motored wheels break 
down, the control system can still drive EV normally as long as the number of left motored wheels is 
enough to keep controllable.  

As a common idea, the force distribution with redundancy is also looked on as a constraint optimal 
problem. In the case of this study, one cost function J is chosen to satisfy  

)( *xiFJ           → min  
Subject to 
• Equality constraints: 27,28 
• In equality constraints: 29 

5.1 Optimum force distribution based on the least square method 
Consider that  
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Subject to  
Subject to 
• Equality constraints: 27,28 

It is a typical pseudo-inverse problem and can be solved by 
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In fact the optimal results of Eq.32 only considered the effect of load transfer among four motored 
wheels. It only use load transfer as the force distribution ratio. However, it does not consider the effect 
of tire lateral force. Further it also does not consider the tire friction force limitation. Therefore, this 
method should be used in the cases: 

• No wheels slip and no wheel slip 
• Side slip angle is small and hence the side forces have less effect 
• Target force and required yaw moment are not so large and can be realized in no slip domain. 

5.2 Optimum force distribution based on the minimax method [9]

Based on the discussion of last subsection, we know that the LSM does not consider the effects of 
lateral force. However, when EV corners, lateral force will be important to maneuverability. 

The minimax method choose the cost function as 
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The optimum force distribution can be implemented by 
J   → min  
In order to simplify the problem, we reduce the redundancy by distribute left side and right side 

separately. The minimax is implemented by solve 
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5.3 Simulation results 
The simulations are implemented to verify the proposed methods. The input signals are steering 

angle and driving force. We assume that the friction force coefficient is 0.5. The initial velocity of car 
is 25 km/m. We also assume that the normal force and lateral force can be estimated by proposed 

method. Figure 9 shows the yaw rate control results. Figure 10 shows phase-plane curve, which is 
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Figure 9: Result of yaw motion control Figure 10: Side slip angle Vs. velocity of slip 
angle

Figure 11: Driving force
commands calculated by LSM 

Figure 12: Driving force commands 
calculated by minimax method 



obtained by side slip angle to its velocity. Figure 11 and Figure 12 show the calculating force 
commands by LSM and minimax method. From that result, the minimax method considers the lateral 
force of each tire to distribute traction force. LSM does not consider lateral force when distribute 
traction force. Therefore, Figure 11 shows that the left and right force commands are equal. However, 
when there is no tire slip, the tire load ratios are almost equal to each other. 

When EV drives in a critical case, tire load ratio and the calculated driving force are shown in 
Figure 15 and Figure 16. At this case, it can be seen that minimax is more stability for yaw rate control. 

The generated tire load ratio in Minimax case is less than LSM case. 

6  Conclusions and Future works  
In this paper we discussed the key point of optimum traction force distribution. Optimum traction 

force distribution control take full advantage of redundancy. We also discuss disturbance observer 
based lateral force estimation in this paper. 

For the future works, the control strategy should be refined and examined by more experiments. The 
singularity problems of optimal dynamic redundancy resolution need to be discussed.                                                      
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