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Abstract— This paper is concerned with integrated yaw sta-
bility control strategy for 4WD EV driven by in-wheel motors.
The strategy consists of double control loops. One is the upper
control loop, which uses2−DOF control method to specify
control effectors which are required for keeping EV yaw stability.
The other is the lower control loop, which is used to determine
control inputs for four driving motors by optimum traction force
distribution method. This distribution method is implemented by
redundancy control.

The simulation results indicate that handling stability of this
4WD EV is improved by proposed strategy, especially when the
EV drives in critical conditions.

I. I NTRODUCTION

In order to improve maneuverability, stability and obtain
much more driving traction force, many electric vehicles (EVs)
are equipped with more than two actuating motors.

Further, the power transfer construction of EV is changed
days after days. The latest EV is driven by four motorized
wheels, which mean driving motors are fitted into wheels and
can be controlled independently[1][2].

For example, ”UOT March II”, which is shown in Fig.1,
has four in-wheel driving motors (4WD). Control strategies,
such as ABS, TCS and VSC, can be implemented for that EV
easily by advanced motion control of in-wheel electric motors.

Fig. 1. ”UOT March II” and in-wheel motors.

For planar motion control of EV, yaw rate and side slip
angle are often chosen to be controlled. However, the control
methods, such as in the paper[3], have contributed in improving
vehicle performance and guaranting safety for 2WD vehicles,
which means that vehicle has two driving wheels.

However, in 4WD case, due to four driving motors, control
system has four permitted independent control inputs[4]. And
those control inputs are all avaiable to control yaw rate and
side slip angle. Because the number of indepent control inputs
much than the number of controlled variables, therefore, there
is an actuator redundancy problem[5].

If we design control laws for 4WD EV, one issue which
must be faced is how to deal with such actuator redundancy,
which means how to distribute traction force for four driving
motors.

Further, in order to avoid slip or lock and keep stability,
especially when EV drives in critical conditions, distributing
traction force should consider the conditions of tire friction.

When 4WD EV drives in critical or dangerous conditions,
even if one driving motor failures, the redundancy of control
inputs can be used to deal with those things and avoid
instability.

In this paper, we discuss a method optimally and dy-
namically to distribute traction force by actuator redundancy
control, which permits us to consider constraints of actuating
motors (limitation of tire friction force). The ”optimally”
means the best combination of redundant set of actuators. The
”dynamically” means the resolution depends not only on the
current conditions but also on the previous sampling instant.

By using that optimum traction force distribution, we also
propose an integrated yaw stability control algorithm for 4WD
EV. As Fig.3 shows, the strategy consists of double control
loops. The upper control loop composes optimal feedback con-
trol and yaw moment feedforward control. The lower control
loop is dynamic traction force distribution control. This loop
is used to calculating control inputs for four driving motors.
In this loop, an actuator redundancy problem is resolved.

The remainder of this paper is organized as follows: in
section 2, 4WD EV modeling is mentioned; in section 3,
integrated yaw stability control algorithm for 4WD EV is



discussed; in section 4, application of proposed algorithm for
improving stability of 4WD EV in critical driving is discussed;
in last section, preliminary conclusions and future works are
mentioned.

II. 4WD EV M ODELING

In order to design control law for 4WD EV (”UOT March
II”), a linear model is used, which is abstracted from the EV
shown in Fig.1. The model is described in Fig.2. We assume
that only front wheels can be steered and steering angles of
front wheels are equal to each other. In Fig.2,δf is the steering
angle.V is the velocity vector of center of gravity (COG) of
EV. All Fij mean traction forces.β represents sideslip angle
of COG.γ represents yaw rate of COG.Mz is yaw moment.
β andγ are controlled output variables.Mz andδf are control
inputs. The state equation is given by Eq.1[6][7].
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Fig. 2. Linear vehicle model for dynamic analysis
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M is the vehicle mass.Iz is the inertia moment.Cf (Cr) is the
cornering stiffness of front (rear) tire.lf (lr) is the distrance
from the front (rear) axial to the COG.

The transfer functions from steering angleδf and yaw
momentMz to yaw rateγ are
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ζ is the damping coefficient.ωn is the natural frequency of
control system.
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III. I NTEGRATED YAW STABILITY CONTROL ALGORITHM

The concept of the proposed control algorithm is shown
in Fig.3. The reference input commands areX1, ..., Xp. The
control inputs for motors areU1, ..., Un and the controlled
output variables of EV areY1, ..., Yp. The upper control loop
composes optimal states feedback control and yaw moment
feedforward control. This control loop is used for calculating
”virtual” control effectorsV1, ..., Vm, which is required for
realizing steady and dynamic characteristics of control system.
However, the ”virtual” control effectors could not directly be
control inputs(U1, ..., Un) for motors. Therefore, in the lower
control loop, we map the ”virtual” control effectors to physical
control inputs for motors by optimum dynamic traction force
distribution. Then we control EV to achieve the ”virtual”
control effectors by traction force control of in-wheel motors.
The traction force distribution is implemented by redundancy
control.
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Fig. 3. Block diagram of control strategy for EV

For planar motion control of 4WD EV, steering angleδf

and accerelation pedal angleθ are given by driver. And then,
a reference model is used for calculating reference input
commandsγ∗ andβ∗ in accordance with driver’s commands.
The controlled output variables are yaw rateγ and slip angle
β. The ”virtual” control effectors are yaw momentMz and
active steering angles. The physical control inputs are traction
force commands for motors.



In this study,θ is assumed to be zero and reference input
command is onlyγ∗. The ”virtual” control effector is yaw
momentMz.

The upper control loop includes reference model control,
feedforward control which is designed as aP− controller,
feedback control which is designed by using aLQG regulator.
Therefore, robust ”2-DOF” control algorithm is used for the
design of upper control loop.

The lower control loop consists of dynamic optimal traction
force distribution, which is used to determine control inputs for
motors according to ”virtual” control effector and tire friction
conditions.

The control objective is to make the EV to follow the desired
yaw rate.

A. Reference model

According to Eq.2, yaw rate response from steering angle
of ”UOT March II” is shown in Fig.4.

10
-2

10
-1

10
0

10
1

10
2

-90

-45

0

-20

-10

0

10

20

30

P
h

as
e 

(r
ad

)
G

ai
n

 (
d

B
)

Frequency (rad/sec)

40 km/h
70 km/h

100 km/h
120 km/h

Fig. 4. Yaw response of ”UOT March II”

In order to improve yaw rate phase delay and thus make
lateral response quick, the reference model is defined as follow

γ∗ = G(s)refδf =
Gγ(0)(1 + Tγs)
1 + 2ζ

ω′n
s + 1

ω′n
2 s2

δf (5)

whereγ∗ is the target yaw rate. We make reference model
to have quick response, which meansω′n > ωn. In this study,
we putω′n = 1.5ωn. The response is shown in Fig.5.

B. Feedforward control

According to Eqs.2 and 5, in order to make the real yaw
rate of EV fit the target value, we calculate the required yaw
momentMff as one part of ”virtual” control effectorMz

[6].

γ∗ − γ = G(s)refδf −G(s)δf −H(s)Mff = 0 (6)

Mff =
G(s)ref −G(s)

H(s)
δf (7)

Based on Eq.7, feedforward control law is designed as aP−
controller
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Fig. 5. Yaw response of reference model(V = 60km/h)

C. Feedback control

However, due to inaccuracy of EV model and effect of
disturbance, Eq.8 is incomplete to satisfy Eq.7. For example,
Cf , which is the cornering power of front tire, changes in real
time. It is difficult for us to know its true value. Therefore,
we compensate the ”P-” controllor by using aLQG regulator.
The controlled variables areγ and β. The LQG regulator is
designed as follows

min J =
∫ ∞

0

(ET QE + MT
fbRMfb)dt (9)

whereQ andR are weighting matrices and decided according
to experiments.E = (γ∗− γ, β∗− β)T . Yaw momentMfb is
another part of ”virtual” control effectorMz.

We can calculateMfb by

Mbf = −KE (10)

K = R−1BT S (11)

whereS is the solution of Algebraic Ricatti Equation

AT S + SA + Q− SBR−1BT S = 0 (12)

D. Optimum traction force distribution

In 4WD case, four driving motors can be used for motion
control. As Fig.6 shows, the inputs of lower control loop are
yaw momentMz and driving forceFac (Fac is assumed to
equal to total friction force). As mentioned above, the virtual
control effector is yaw momentMz, Mz = Mff + Mfb.

According to virtual control effectorMz, dynamic optimal
traction force distribution is used to determine control input
commands for four motors to
• keep the tire from slipping or locking.
• obtain the maximum tire load ratio.
• achieve the control effectors.
• improve yaw rate stability.

According to Fig.2, if four tires are all in adhesion states, yaw
momentMr can be obtained by

Mr = dfFx1 + drFx3 − dfFx2 − drFx4 (13)



wheredf anddr are front and rear tread.Fx1, Fx2, Fx3, Fx4

are traction forces.
Optimum traction force distribution control is used to con-

vert ”virtual” control effectorMz to physical control inputs for
available sets of motors. According to Eq.13, the distributed
traction forces can realize yaw momentMr in real time. By
optimum traction force distribution control, the error between
the ”virtual” control effectorMz and the achieved real yaw
moment Mr is to be minimized. Therefore, the required
control objective will be obtained due toMr ≈ Mz. And at
the same time, tire driving conditions are considered to keep
tire from spinning or slipping.

Distribution control is generally used for solving this kind
of problem. It is often used for flight control or marine
vessel control[8][9]. It was also previously used for automo-
tive control[10][11]. However, it was a static inverse map-
ping method[12]. Some resolutions mainly focus on how to
easily implement or how to efficiently calculate for control
system[12].

That means,

min ‖W1F‖2 (14)

subject toMz = Bv · F.
WhereW1 is weighting matrix.F = (F̃x1, F̃x2, F̃x3, F̃x4)T

are control input commands for motors. Virtual control vector
Bv = (df ,−df , dr,−dr).

Control inputsF are obtained by

F = W−1
1 (BvW−1

1 )†Mz (15)

where† means pseudo-inverse of matrix.
In order to consider dynamics of tire friction, we try to

extend the above static resolution to a dynamic optimum one.
The ”dynamic” means redundancy resolution which depends
not only on the current conditions but also on the resolution
of previous sampling instant[13].

According to Eq.13, Eq.14 is extended to

min ‖W1F(t)‖2 + ‖W2(F(t)− F(t− T ))‖2 (16)

subject toMz = Bv · F. WhereW2 is weighting matrix too.
Control inputsF are obtained by

F(t) = W−1
1 (BvW−1

1 )†Mz + PF(t− T ) (17)

whereP = (I − W−1(BvW−1)†Bv)W 2
2

W 2 , † means pseudo-
inverse of matrix,W 2 = W 2

1 + W 2
2 .

Eq.17 is just like a digital first order low pass filter, which
means dynamic redundancy resolutionF(t) can be obtained
by filtering a desired or reference static value. It is this point
that the change of frequency and extent of control inputs can
be dynamically controlled quite well[13]. It is easy to verify
that the eigenvalues of matrixP are bounded by 1, which
means Eq.17 is asymptotically stable[13].

IV. SIMULATION

The actual control diagram is shown in Fig.6. In accordance
with what mentioned above, the upper control loop uses ”2-
DOF” algorithm by integrating with yaw moment feedforward
and states feedback control. The lower control loop is dynamic
optimum traction force distribution control. The control objec-
tive is to make the EV to follow the desired yaw rate.
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Fig. 6. Integrated yaw stability control algorithm for 4WD EV

The specifications of ”UOT March II”, which are used for
simulations, are shown in TABLE I.

TABLE I

THE SPECIFICATIONS OF”UOT M ARCH II”

Dimensions (L×W×H) 3695×1660×1525 (mm)
Weight 1100kg
Inertia moment 3.76×103 kgm2

Tire Radius 0.26m
Max. output 36kW
Max. torque 77Nm

Motor Max. speed 8700rpm
(/unit) reduction gear ratio 5.0

Type Panasonic EC-EV1238
Battery Capacity 38Ah

Voltage 12V × 19 modules

A. Verification

In order to verify the effectiveness and efficiency of the
calculated virtual control effector, we performed two kinds of
tests for EV (” UOT March II”). In this case, optimum traction
force distribution control is not used.
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Fig. 7. Input signal for Lane change test of ”UOT March II”



First, driver input singal and simulation result are shown in
Figs.7 and 8, which show that the yaw rate can be controlled
to well fit the reference value.
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Fig. 8. Yaw response of ”UOT March II” in lane change test(V = 60km/h)

The second test is ”J turn” test. Driver input singal and
simulation result are shown in Figs.9 and 10, which also show
the effectiveness of control algorithm.
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Fig. 9. Input signal for J-turn test of ”UOT March II”

Therefore, it can be deduced that the upper control loop
can give the quite right virtual control effector to satisfy the
control requirement.

B. Comparison

Simulation is performed to compare the proposed control
method with the one which does not use traction force distri-
bution method. We use ”Lane change” test for that comparison.
In this case, the friction forces of left and right tire are different
to each other. The friction coefficient of left side is 0.8, but
right one is 0.3. It means that EV drives ”Lane change” on a
split µ road.

We suppose that the traction force distribution method
which we want to compare is

Mr = drFx3 − drFx4 (18)

As Fig.11 shows, control method which does not use opti-
mum traction force distribution, can not make the controlled
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Fig. 10. Yaw response of ”UOT March II” in J-turn test(V = 60km/h)

yaw rate to follow the reference value quickly and accurately.
It cannot keep EV handling from instability.

On the contrary, as Fig.12 shows, when we use optimum
traction force distribution control, which is realized by taking
advantage of redundancy of control inputs, the controlled
yaw rate can follow the reference value quite well. It means
stability of EV can be improved.
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As Fig.13 shows, when it does not take full advantage of
the redundancy of control inputs for traction force distritution,
the rear slip. It causes EV being instability, which is shown
in Fig.15. For this case, the EV can not make ”Lane change”
under the test condition.

When redundancy of control inputs is considered and well
used for optimum traction force distribution, the coorespond-
ing tire slip ratio is kept in a safty domain, which is shown in
Fig.14. For this case, the EV can realize stable ”Lane change”
under the same test condition.

V. CONCLUSIONS ANDFUTURE WORKS

Simulation results show that the proposed control strategy
can improve the stability of 4WD EV, especially EV drives in
critical conditions. Optimum traction force distribution control
can be an effective method when take full advantage of redun-
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dancy of control inputs. That method bring advantages over
control strategies which do not use control inputs redundancy.

Futher, using redundancy of control inputs will have more
metrits. For example, tire friction constraints can be taken into
account, control reconfiguration can be performed when motor
failure, and algorithm calculating time can be saved because
of the two control loops design.

For future work, this control strategy need to be refined and
examined by more experiments. The singularity problem of
optimal dynamic redundancy resolution need to be discussed.
BecauseLQG regulator is a full state feedback controller,
more research should be focused on some observers for the
estimation of slip angleβ or cornering power, which are
difficult to know in real time[14].
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