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ABSTRACT
An operation states observer for a wheelchair system is ex-

tended to three dimensions in this paper. This new observer in-
corporates a three-axis accelerometer allowing a user to estimate
more precise information on terrain condition.

To design this observer, first, a model dynamics illustrat-
ing the two-dimensional relationship between the gravity and the
motion of a wheelchair on a slope is derived. Experimental re-
sults verify our derivation of equations. Then, the dynamics is
simplified and used in the design of the extended observer. Since
the dynamics itself and the output of that have nonlinear char-
acteristics, the extended kalman filter design algorithm is em-
ployed. By simulation, the stability and effectiveness of the ap-
plication is verified.

Key Words: wheelchair, operation states observer, ex-
tended kalman filter, two-dimensional effect of the gravity, human
friendly motion control, three-axis accelerometer

1 Introduction
Recently, various kinds of power wheelchairs have been

developed and suggested [1], [2]. In addition to the electric-
powered wheelchairs which are now quite broadly used,
pushrim-activated, power-assisted wheelchair (PAPAW) [2] has
been focused as a new mobility assistance. In all these power
assisted wheelchair needs proper control algorithm and that con-
trol algorithm can be improved if we can get precise information

on terrain condition where the wheelchair is located. We have
suggested an operation states observer of a wheelchair for this
power assist control and it provided important operational condi-
tions in [3]. This paper extends the states that the operation states
observer can estimate into three dimensions.

1.1 Operation States Observer in a Power-assisted
Wheelchair

In [3], operation states described in Figure 1 (a) are accu-
rately estimated using the kalman filter algorithm.v is driving
speed of a wheelchair in the longitudinal direction,ϕ is incli-
nation angle which means the leaning angle of the wheelchair
frame from the horizon. These variables are necessary for the
power assist control of a wheelchair [3] but cannot be accurately
measured by sensors. Figure 1 (b) is the measurements of the
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Figure 1. Operation States and Measured Information



wheelchair.θ is the rotated angle of a wheel,ax,ay are the output
of an accelerometer, anḋϕ is the output of a gyroscope.

Since this previous observer [3] uses two-dimensional ac-
celerometer, any information on the lateral direction cannot be
measured. The gravity acting in the lateral direction, illustrated
in Figure 2 will not be estimated in this observer.

ξ

Figure 2. Gravity Acting Laterally on a Wheelchair

This gravity in the lateral direction, however, interferes with
the heading direction of a wheelchair and is quite important in-
formation in assisting a wheelchair. This is the reason why this
paper suggests an extended operation states observer.

1.2 Extension of Conventional Operation States Ob-
server

If the angleξ of the slope is obtainable, it must improve the
control of a wheelchair. For this reason, we design a novel states
observer to get information of the angleξ.

Figure 3 illustrates the angles we will estimate by a novel
observer design: the pitch angle of a wheelchair (ϕ) with regard-
ing to its heading direction, the heading angle (α) with regard to
the horizon and the slope angle (ξ) of a hill.
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Figure 3. Angles Necessary for Safe Operation on a Slope

If we can distinguish these angles correctly from the mea-
sured values, the control of a wheelchair on a slope will be more
safe and easy to operate by a user. For example, accurate values
of these angles enable a controller to drive a wheelchair straightly
in the face of the lateral gravity.

2 Describtion of Three-dimensional Operation State
In order to design a states observer, the relationship of op-

eration states, especially the angles to be estimated should be
analyzed at first.

2.1 Derivation of Output Equations Produced by
Three Sensors

Three kinds of sensors are utilized in this system: one 3-axis
accelerometer, two encoders on both wheels and one gyroscope
which measures the pitch angle around the axis of wheels. These
sensors provideϕ, α, ξ in Figure 3 and the moving velocityv in
Figure 1 (a).

In order to design an observer using these sensor outputs,
the relationship between these outputs and state variables should
be clarified. At first, output equations which tell how the state
variables appear in sensor outputs are derived here.

Figure 3 shows the relationship between the pitch angleϕ
and the yaw or heading angleα of a wheelchair on a slope ofξ.
This relationship will be described as Equation (1).

sinϕ = sinαsinξ (1)

This equation reveals the output equation of the gyroscope
which measures the angular velocity ofϕ. The equation is given
as Equation (3).

ϕ = sin−1(sinαsinξ) ≃ sinαsinξ (2)

ϕ̇ ≃ α̇cosαsinξ+ ξ̇sinαcosξ (3)
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Figure 4. Decomposition of the Force Measured by an Accelerometer

Accelerometer measures the linear acceleration of the
wheelchair including the gravity vector. In addition to the head-
ing acceleration in the linear direction, yaw acceleration is also



measured by a three-axis acceleration. Equation (4) to (6) de-
scribe the output equations of a 3-axis accelerometer.

ax = gsinξsinα+ v̇+ frotationx
(4)

ay = gsinξcosα+vα̇+ frotationy
(5)

az = gcosξ, (6)

wherev illustrates the velocity of a wheelchair in its heading
angle. The directions ofx,y,zaxes are illustrated in Figure 5.

The first term of each equation shows the gravity vector of
which direction is determined by the conditionα,ξ of a hill the
wheelchair is located. The second terms represent the inertial
force in Equation (4) and the centrifugal force in Equation (5).
These are the forces manifested on the center of mass.

Meanwhile,frotationx,y
are the forces caused by the fact that

the accelerometer is not located in the center of mass of the
wheelchair. Rotational motion around the center of mass pro-
duces additional acceleration measurements in the accelerome-
ter. Figure 5 (a) shows the location of the accelerometer in a
wheelchair. Since it is∆x,∆y off the center, additional inertial
and centrifugal forces are applied to the accelerometer described
in Equation (7) and (8).

frotationx
= α̈∆x +mα̇2∆y (7)

frotationy
= −α̈∆y +mα̇2∆x (8)

First terms are the output of the inertial force and second terms
are the output of the centrifugal force. Notice that in this analysis
of acceleration output, the center of gravity is assumed to be fixed
so that∆x and∆y are dealt as known variables.
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Figure 5. Location of an Accelerometer in a Wheelchair

If the slip between the wheels and the ground is ignored, the
rotated angles of two wheels which are represented asθl ,θr here,

can be associated with the measured acceleration.v at the loca-
tion of the accelerometer is identified with Equation (9) using
θl ,θr .

v =
1
2
(Rθ̇r +Rθ̇l ), (9)

wherer1, r2,Rmeans the lengths and distances illustrated in Fig-
ure 5. Also the heading angleα in Equation (5) can be derived
from θl andθr as Equation (10) assuming no slip.

α =
R

r1 + r2
(θr −θl ) (10)

Finally we obtain 6 output equations of all sensors, which
contain the values ofϕ, α, ξ we want to estimate. The equations
are re-described in Table 1.

Table 1. Output Equations

Gyroscope ϕ̇ = α̇cosαsinξ+ ξ̇sinαcosξ

Accelerometer

ax = gsinξsinα+ v̇+mα̇2∆y

ay = gsinξcosα+vα̇− α̈∆y

az = gcosξ

Encoder
v = 1

2(Rθ̇r +Rθ̇l )

α = R
r1+r2

(θr −θl )

While the equation ofax is straightforward, the equation of
ay is somewhat complicated. In order to verify that equation,
three kinds of experiments are performed: 1) wheelchair rotates
its heading angle without moving forward, 2) it turns right, 3) it
goes forward and moves backward turning left.

In Figure 6,ay described as a thick blue line represents the
lateral acceleration measured by the accelerometer, while the
thick blue line representsay calculated based on Equation (5)
with the value ofv andα from the encoder output. Two values
are identified with each other, proving the correctness of Equa-
tion (5).

2.2 Derivation of Three-dimensional Dynamics
In order to build an states observer, a model of wheelchair

dynamics is required; especially a model that describes how ex-
ternal force or the gravity affects on the motion of a wheelchair in
the lateral direction. Dynamics of a wheelchair has many com-
mon points with that of a mobile robot. Some researches have
modeled this dynamics [4], [5]. They focus on the coordinate
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Figure 6. Comparison of Lateral Acceleration

conversion and the effect of rolling resistance, but the effect of
the gravity in the lateral direction is not made clear in their mod-
eling. This relationship will be clarified in this paper using the
concept of the slip angle.

Since the lateral disturbance affects on the lateral motion of
the wheelchair through the tires, the model should include the
cornering force of the tires. This point is quite similar with the
analysis on the dynamics of four-wheel vehicle. For this similar-
ity, we adopt the dynamics modeling of vehicle dynamics not that
of mobile robots to explain the lateral motion of a wheelchair.
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Figure 7. Lateral Motion of a Wheelchair

Figure 7 shows the relationship between the direction of
moving velocity and heading direction. The difference is called
asβ or the slip angle in the vehicle engineering. When the grav-
ity acts on the wheelchair in the lateral direction, that lateral
force brings about the slip angle causing tire to produce corner-
ing force. Finally the gravity results in the change of the heading
angle. This relationship between the dynamics ofβ and the yaw
rateγ is described in Equation (11) and (12).

mV

(
dβ
dt

+ γ
)

= Yf (β f ,γ)+Yr(βr ,γ)+glat (11)

I
dγ
dt

= l fYf (β f ,γ)− lrYr(βr ,γ), (12)

whereYf ,Yr mean the cornering force acting on the front wheels
and the real wheels (Figure 7).

In four-wheel vehicle dynamics, the steering of two front
wheels is quite important input to the yaw rate. In a wheelchair
dynamics, however, the front wheels consist of casters and are
not fixed so that the heading angle of the front wheels can be
identified with the direction of the wheelchair’s moving velocity,
V in Figure 7. This meansβ f in the front wheels is quite small
and there will be little cornering force in the front wheels. This
is the most different point of a wheelchair dynamics from that of
a four-wheel vehicle.

There is a research which analyzes the effect of thisβ f in a
wheelchair motion [6]. It illustrates the effects ofβ f based on ex-
periments, and the effect proves to be transient since the ground
reaction force caused by theβ f is transient. Based on these facts,
this β f is assumed to be zero in this paper, and consequently the
cornering forcesYf ,Yr are given as the following.

Yf = −K f β f = 0 (13)

Yr = −Krβr = −Kr

(
β− lr

γ
V

)
(14)

Based on this consideration, the transfer function from the
gravity to the rotated angleα =

R

γdt which we want to estimate,
is given as a second order system. However, we try to approxi-
mate it to a first order time delay system.

γ
glat

=
α̇

glat
=

K
s2 +2ζωns+ω2

n
→ K

s+ωo
(15)

In this approximation, the error in the phase is the biggest prob-
lem. However, the gravity does not change so fast that this ap-
proximation in the high frequency region will not cause estima-
tion error. This simplification results in the following dynamics



equations.

ẍl = − D
M

ẋl +
1
M

(uf −Rx−Mgsinαsinξ) (16)

α̈ = −B
I

α̇+
1
I
(uτ −Mglr cosαsinξ), (17)

whereM is the weight of a user and a wheelchair,Rx is the rolling
resistance in the longitudinal direction. Rolling resistance in the
yaw direction is quite small and it is assumed zero.

These motion equations are verified by comparison of sim-
ulation results and experimental result. A wheelchair is located
on a slope as the Figure 2. The gravity affects on a wheelchair
laterally and the heading angle changes by the gravity. Figure 8
shows the yaw-rate of the wheelchair in the experiments and the
simulation.
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Figure 8. Comparison of Yaw-rates in Experiments and Simulation

Dotted line is the simulation result. This line shows the same
motion with the other five experimental results which are de-
scribed as five solid lines. The oscillations in the experimental
results are caused by rough terrain after the downward slope. The
changes in the beginning are quite similar, which demonstrates
that our modeling of dynamics is right.

This modeling and sensor output analysis leads to the states
definition which is shown in Equation (18).

x =
(

xl α ẋl α̇ ξ ξ̇
)T

=
(

x1 x2 x3 x4 x5 x6
)T

(18)

x5 is terrain condition which means the slope of a hill,x2 is
the heading angle of a wheelchair and also can be terrain condi-
tion, andx3 is the velocity which is necessary for various power
assist control of a wheelchair [7].

ẋ =


x3

x4

− D
M x3−gsinx2sinx5

−B
I x4− M

I gcosx2sinx5

x6

0

+


0
0

1
M uf
1
I uτ
0
0


= f (x)+g(u) (19)

y =


x1

x2

x4cosx2sinx5 +x6sinx2cosx5

ẋ3 +gsinx2sinx5 +maccdaccxx2
4

Mx3x4 +gcosx2sinx5 +maccdaccyx2
4

gcosx5



=


x1

x2

x4cosx2sinx5 +x6sinx2cosx5

− D
M x3 +maccdaccxx2

4 + 1
M uf

Mx3x4 +gcosx2sinx5 +maccdaccyx2
4

gcosx5


= h(x,u) (20)

Notice that we includėξ as a state. Changes inξ or the
slope angle are random and difficult to model. If we include this
change as a disturbance state, it will simplify the model. This
idea will be verified in simulations in Section 4.

3 Design of Nonlinear Operational States Observer
for a Wheelchair
With the equations derived in last section, an operation states

observer is designed in this section.

3.1 Extension of Kalman Filter to Nonlinear Region
Since the dynamics and sensor outputs have nonlinear char-

acteristics, the extended kalman filter (EKF) algorithm is adopted
in this research. This EKF is an effective method to estimate the
states of nonlinear dynamics in Equation (21) and (22) [8].

x(t) = f (x(t −1))+g(u(t −1),x)+w(t), (21)

y(t) = h(x(t))+e(t), (22)

wherew(t) ande(t) are white noise sequences which have zero
mean and covariance matrixQ andR respectively.



Based on these model equations, the two procedures of
Kalman filter, the prediction and the update are given as

x̄(t) = f (x(t −1))+g(u(t −1)) (23)

ŷ(t) = h(x̄(t)) (24)

x̂(t) = x̄(t)+K(t)(y(t)− ŷ(t)) (25)

The problem is the decision of the gainK(t) which will op-
timize the covariance of estimation error under a certain system
and measurement noises. As the optimization of the gainK(t)
in linear systems is done calculating the transition of error co-
variance matrix, the linearized transition equation in nonlinear
systems also can conduct the same optimization. From this view-
point, linearization approximation becomes necessary.

Since the Taylor expansion can work as this linearization,
three matrixes in Equation (26) to (28) will linearize the nonlin-
ear system.

F(t) =
∂ f (t,x)

∂x

∣∣∣∣
x=x̂(t)

(26)

G(t) = g(x)|x=x̂(t) (27)

H(t) =
∂h(t,x)

∂x

∣∣∣∣
x=x̄(t)

(28)

With these matrixes, the estimation error covariance matrix
P(t +1|t) and the gainK(t) will be given as

K(t) =P(t|t−1)HT(t)
(
H(t)P(t|t−1)HT(t)+R

)−1
(29)

P(t|t)=P(t|t−1)−K(t)H(t)P(t|t−1) (30)

P(t+1|t)=F(t)P(t|t)FT(t)+G(t)V(t)GT(t), (31)

whereR andV are the covariance matrixes of the white noise
w(t) ande(t) in Equation (21) and (22).

We should notice that since the gainK(t) is derived from the
approximation, it is likely to estimate the states correctly but is
not an optimal one. To overcome this incorrectness, other ob-
server designs such as the unscented filter [9] are proposed.

3.2 Application of Extended Kalman Filter to a
Wheelchair

In order to apply this EKF design to our observer, three ma-
trixes F(t),G(t) andH(t) should be derived from the equation
(19) and (20). Equation (32) and (33) represents the derived lin-
earized matrixes.

With these matrixes, an extended operation states observer
for a wheelchair is designed. In the next section, we will verify
our design using simulations.

4 Simulation Results
Main purposes of simulations conducted in this section are

two: one is the verification of observer design, which means it
will be checked whether the extended operation states observer
can correctly estimate the states in spite of the linearization ap-
proximation done in EKF design. The other is the verification of
how effect it is to introduceξ andξ̇ as states.

Three cases are simulated: 1) a wheelchair goes up a hill
perpendicular to the horizon, 2) a wheelchair goes up a hill not
perpendicular to the horizon, 3) a wheelchair attempts to change
its heading angle on a hill.

At first, when a wheelchair climbs a hill perpendicular to the
horizon, the gravity affects only the moving velocity and the state
α will keep its value asπ2 .
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Figure 9. Simulation 1) Perpendicular Climbing

Figure 9 shows the result of this perpendicular climbing sim-
ulation. Changes inξ means a wheelchair goes up a hill of 0.08
rad from 2 to 6 second. Since torque to propel a wheelchair in
the longitudinal direction is applied to a wheelchair (the pattern
of torque is illustrated in Figure 10 (f)), it starts to move and the
statexl increases for the moment. However, after the wheelchair
goes up a hillxl and ẋl start to decrease. This is simulated in
the result, and we can check that the proposed observer correctly
estimates the states.

Figure 10 is the simulation result when a wheelchair goes
up a hill with α π

3 . If the heading angle is not perpendicular to
the horizon, the gravity affects the heading angle and makes the
wheelchair turn. This motions is well simulated and we can see
in Figure (b) thatα moves to−π

2 due to the gravity. The proposed



F(t) =



0 0 1 0 0 0

0 0 0 1 0 0

0 −gcosx2sinx5 − D
M 0 −gsinx2cosx5 0

0 M
I gsinx2sinx5 0 −B

I −M
I gcosx2cosx5 0

0 0 0 0 0 1

0 0 0 0 0 0


(32)

H(t) =

1 0 0 0 0 0

0 1 0 0 0 0

0−x4sinx2sinx5+x6cosx2cosx5 0 cosx2sinx5 x4cosx2cosx5−x6sinx2sinx5sinx2cosx5

0 0 − D
M 2maccdaccxx4 0 0

0 −gsinx2sinx5 Mx4Mx3+2maccdaccxyx4 gcosx2cosx5 0

0 0 0 0 −gsinx5 0

0 0 0 0 0 0


(33)

observer can correctly estimate the states also in this case. How-
ever, ξ̂, the observed slope angle is somewhat incorrect. Since
the stateξ does not have any model and is only handled as a
disturbance, these incorrectness cannot be avoided.

Figure 11 is the simulation results of a wheelchair on which
a user attempts to change the heading angle at 1.5 and 6.5 sec-
onds. Figure (f) shows the yaw moment applied by a user.

Around 1.5 second,α starts to increase fromπ
2 by the yaw

moment. After 2 second, the gravity starts to affectα since it is
not perpendicular to the horizon.α increases due to the gravity
from 2 to 6 second. After 6 second, the wheelchair is on level
ground again andα is only driven by the applied yaw moment.

In this case, the simulation results show that the proposed
observer also estimate the states correctly.

5 Conclusion
In this paper, an extended operation states observer is pro-

posed. It can estimate the heading angle of a wheelchair and the
slope angle on which the wheelchair is as well as wheelchair’s
moving velocity.

Simplified motion equations of a wheelchair in the longi-

tudinal and lateral directions are derived and utilized in the de-
sign of the observer. Considering the nonlinear characteristics of
these motions, the Extended Kalman Filter design is adopted.
Simulation results verify this observer correctly estimates all
states in various operational environments.

Experimental results in this paper demonstrate that our
derivation of the dynamics model and sensor output model is
right. The verification by simulations certifies the EKF algorithm
is right.

The one point which is not cleared in this paper is the ro-
bustness of the proposed observer. Since the dynamics model in
Equation (32) and (33) has some parameters which can vary dur-
ing operation such as the distance between the center of gravity
and acceleration, and the weight of the whole wheelchair system,
estimation based on that model can be wrong.

Sensors used in this research themselves can be a solution
to this robust problem. Since the states estimated by the ob-
server can also be calculated algebraically from the sensor out-
puts, the model in Equation (32) and (33) plays additional role
in estimation and thus errors in parameter values will not cause
so much estimation error. In addition to this robustness result-
ing from enough sensors, states which absorb modeling errors
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Figure 10. Simulation 2) Climbing with the heading angle π
3

can be added to improve robustness. Our previous observer [3]
has the disturbance states and that could simplify and robustify
dynamics model.

The effectiveness of the proposed observer and the idea of
robustness should be implemented to a wheelchair and experi-
mented. This is our future works.
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