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Abstract—In this paper, a novel perfect tracking control Therefore, in conventional digital control systems utilizing

method based on multirate feedforward control is proposed. The zeroth-order holds, the perfect tracking control is usually
advantages of the proposed method are that: 1) the proposed impossible.

multirate feedforward controller eliminates the notorious unstable = this vi int. two feedf d trol thod
zero problem in designing the discrete-time inverse system; 2) rom this viewpoint, two reediorward control methods are

the states of the plant match the desired trajectories at every Proposed for the discrete-time plant with unstable zeros [1].
sampling point of reference input; and 3) the proposed controller First, the stable pole—zero canceling (SPZC) controller cancels
is completely independent of the feedback characteristics. Thus, all poles and stable zeros of the closed-loop system, which has
highly robust performance is assured by the robust feedback 1,41 hhase and gain errors caused by the uncancellable unstable
controller. Moreover, by generalizing the relationship between the .

sampling period of plant output and the control period of plant  2€70S Second, the zero phase error tracking controller (ZPETC)
input, the proposed method can be applied to various systems adds the factors which cancel the phase error, to SPZC. How-
with hardware restrictions of these periods, which leads to higher ever, the gain error caused by the unstable zeros remains. There
performance. Next, it is shown that the structure of the proposed have also been attempts to compensate for the gain error of the
perfect tracking controller is very simple and clear. lllustrative  7peTc [3]-[5]. However, those efforts were not able to realize

examples of position control using a dc servomotor are presented, .
and simulations and experiments demonstrate the advantages of the perfect tracking control because the zeroth-order holds were

this approach. employed. .
Index Terms—Dbigital control, motion control, multirate sam- The authors have proposed a novel perfect tracking control
pling control, tracking control, two degrees of freedom. method using multirate feedforward control instead of the ze-

roth-order hold [6]. On the other hand, many industrial systems

often have hardware restrictions on both the sampling periods

|. INTRODUCTION for detecting plant output and the control periods for gener-

N DIGITAL motion control systems, tracking controllersating plant input. For example, in head-positioning control of
are often employed for high-speed and high-precision serkigrd disk drives and visual servo systems, the sampling periods
systems because the controlled plant follows a smoothed @é&plant output should be long, because the detecting periods
sired trajectory. The best tracking controller is ideally the perfeef servo signals and video signals are shorter than the periods

tracking controller (PTC) which controls the object with zer®f control input. In contrast, systems with low-speed D/A con-
tracking error [1]. The perfect tracking control can be achievetgriers or CPUs have the restriction that the periods of plant

using a feedforward controll&t, [z] which is realized by an in- input are shorter than the sampling periods of plant output.

verse of the closed-loop systef,[2]. In this paper, the perfect tracking control is extended to en-
1 able application to various systems with the above hardware re-

Cilzl = - (1) strictions, by generalizing the output sampling period. Next, it

Z4Galz] is shown that the structure of the proposed controller is very

simple and clear. Finally, two examples are presented to demon-

Here,d is the relative degree @¥[z]. . . ]
. . : . strate the advantages of this approach through simulations and
However, the discrete-time plant discretized by the “&xperiments of position control using a dc servomotor. The first
roth-order hold usually has unstable zeros [2]. Ths|z] P P 9 '

example shows that the proposed multirate feedforward control
becomes unstable becausé,[z] has the unstable zeros. . X

has better performance than the single-rate controller, even in
the usual servo system without the special hardware restrictions,
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Fig. 1. Two-degrees-of-freedom control system. ' (r)_ !

a,

have the disadvantages of large overshoot and oscillation in the 3 T,=Ty

intersample points because the control input changes back and y(t); ;

forth very quickly [9]. On the other hand, the proposed method T 3

never has this problem because all of the plant states (e.g., po- u(t)ﬁ.---.’t—: .......... W

sition and velocity) are controlled along the smoothed desired 1 1 |

trajectories. r(t): b 5

Recently, modern sampled-data control theories have been 1 7, 2 '
developed, which can optimize the intersample response (e.g., ®)

[10]-[12]). However, the proposed method has the followin
practical advantages: 1) the design method and structure of
controller are simple and clear and 2) no complex calculations
for optimization are required.

2. Multirate sampling control. (a) CaseTI,(< T,) (b) Case 2T, >

Il. GENERALIZATIONS OF THE SAMPLING PERIODS

A digital tracking control system usually has two samplers
for the reference signal¢) and the outpug(¢), and one holder
on the inputs(t), as shown in Fig. 1. Therefore, there exist three :
time perioddl’,., 7,,, andZ,, which represent the periods«fft), T (i + )Ty,
y(t), andu(t), respectively. The input period, is generally )
decided by the speed of the actuator, the D/A converter, or tplg 3. Generalized multirate sampling control
calculation on the CPU. Moreover, the output perfgds also o '
determined by the speed of the sensor or the A/D converter.

Actual control systems usually have restrictionslgrand/or  Fig. 3 shows the proposed multirate control scheme, in which
T,. Thus, the conventional digital control systems make thetiee plant input is changed times during one frame peridty,
three periods equal to the longer period betw&gmnd7,,. and the plant output is also detect&fl times during?’y. The

On the other hand, the authors showed that the perf@gsitive integersi/ and N indicate input and output multiplic-
tracking control can be achieved on every sampling pdint ities, respectively.
by settingZ,, = nT,, wheren is the plant order [6]. In the Incase 1, the frame period and the input multiplicity are set
following discussionsZ,. = nT,, is regarded as the conditionto 7y = 7,. and N = n, as shown in Fig. 2 (a). The output
for the perfect tracking control. Moreover, the following twanultiplicity M is determined by the hardware restriction.
cases are considered, which are very common in the industryln case 2, the frame period and the output multiplicity are
First, althoughZ, is decided in advance by the hardwar&et toZl; = 7, andM = 1, as shown in Fig. 2(b). The input
restrictions, the plant output can be detected at the sameniltiplicity is decided by the hardware restriction. However,
faster period {, < 7.), as shown in Fig. 2(a). This case igt is necessary tha/n (= L) be an integer in the proposed
referred to as case 1 in this paper, and includes the usual sgngshod.
systems off, = T, without special hardware restrictions. In Fig. 3,; (j = 0,1,...,N) andw (k = 1,...,M)
Second, althougtf,, is decided in advance, the plant input care the parameters for the timing of input change and output
be changedV times duringT;,, as shown in Fig. 2(b). This detection, which satisfy conditions (2) and (3)
case is referred to as case 2, and includes systems with special

(Z-I-ﬂ:z)Tf (Z+I 1)Tf

hardware restrictions such as hard disk drives [13], visual O=po < <pa<---<py=1 (2)
servo systems, and servo systems with low-precision encoders 0<1) <y < - <wpyl. 3)
[14]. In this case, the perfect tracking control can be assured

L(= N/n) times during intersample points f,. In this paper, these parameters are setjte= /N andy;, =

For the above multiperiod systems, the longer period betwegn— 1) /M becausé’; is divided at the same intervals for sim-
T, andT, is defined as the frame peridd [15]. Moreover, the plification.
z-operator is defined as = ¢*77. By using these definitions, The proposed method employs multirate-input control as a
cases 1 and 2 can be dealt with together in the following discugro-degrees-of-freedom control, as shown in Fig. 1. In the fig-
sions. ures,H , andS . represent the multirate hold and the multirate



638 IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS, VOL. 48, NO. 3, JUNE 2001

sampler, respectively. The functionsif,« andS,, are shown paper, the feedforward controlléf; [2] is considered so that the
in Figs. 2 and 3. transfer characteristic from the desired staj¢o the plant state
x can bel.

[ll. DESIGNS OF THEPROPOSEDCONTROLLER

In this section, the proposed perfect tracking control methoBd Design of the Feedback Controllel; -]
is presented. For simplification, the plant is assumed to beBefore the PTCCi[z] is designed, the feedback con-
a single-input-single-output (SISO) system. The propost@ller C>[z] must be determined. Here(’>[z] must be
method, however, can be extended to deal with the m@- robust controller which renders the SenSitiVity function
tiple-input-multiple-output (MIMO) system in the same way’[?] = (I — P[z|C2[z])~* sufficiently small at the frequency

as in [16]. of the desired trajectory. The reason is that the sensitivity
function.S|[z] represents the variation of the command response
A. Plant Discretization and Parameterization Gy»[2] under the variation of[z] [17].

First, for systems without special hardware restrictions and
with a single-rate feedback looff){ = T,), the feedback con-
troller Cs[z] = {As,bs,¢s,ds} IS designed forP.(s) with a
single-rate sampling peridti, (= T,,), wherez, = ¢*1v. Sub-
sequentlyCs[z;] is transferred to am-input n-output system

|.C2[2] using (11), in order to realiz€[z] andC;[~] together,
wherez = ¢*1r = 27 andT} = nT},.

Second, systems with special hardware restrictions are con-

z[i + 1] =Az[i] + Buli] (5) sidered, in which the feedback Idop also may become multi-
[i] =Ci] + Duli] ©6) rate (; < 13, orl, > T,). Multirate feedback controllers

y with these restrictions were proposed in [12] and [13], which

utilized the sampled-data theory and the intersample observer,

Consider the continuous-timeth-order plant P.(s) de-
scribed by

"".(t) = Acx(t) + bcu(t)v y(t) = cc-""(t)' 4)

The discrete-time plar®[z] discretized by generalized mu
tirate sampling control (Fig. 3) becomes

wherez[i| = 2(:T), and matricesi, B, C, andD and vectors
u andy are given by (7)—(10), shown at the bottom of the page:
In the simplest case &f, = 7, u; is equal tov,_1. Thus,

P[] of (7) can be calculated more simply by be achieved, even if the single- rate feedback controller is simply

designed with a longer period betwe&p andZ,,, and trans-
r T ferred to and-input V-output controlleiCs[z] on Z;. For ex-

A7 A7 'S, AT, - b, ample, the feedback controller in cas&/2 (> 7,) can be trans-
¢ d, 0 0 ferred to a 1-inputV-output system by
c. A, c.b, d, -0 (11)
. . . A, b,
_CSAZ_I CSA;L—QbS CSAZ_ng . ds | CQ[Z] = c.S d.s (12)
where P[z;] = {A4s,bs,cs,ds} is the plant discretized by the c, d,

zeroth-order hold off},(= 7,) andz, = ¢*7v.
In the ideal tracking control system, the transfer characteristihere{ A, b;, ¢;, d; } is a single-rate controller designed with
(Gy,) from the command to the outputy is generally 1. In this 7.

6JélcT[ ’ bl b]\f
[A B] 2| a dii -+ din @)
C D : : :
Ch dvi - dun
ué[ula"'au]\‘r]T? yé[yla---ayj\l]T (8)
(L—p—1))Tr
b; é/ eACTbcd'r, o cceA””"’Tf (9)
(1—p;)Tr
. frj < Vg: c f((:kk ;;()’TP)TJ A-pdr
dij = Bty < vk < gt c fo( % —pi—1y)Tr GA“TdeT (20)

Ve < pG-1y 0
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Fig. 5. Implementation of the proposed controller.
Fig. 4. Basic structure of TDOF control.

C. Design of the PT@ [7] Fali+1] [ AlB ] "ol
In this section, the multirate feedforward control@y|z] is AlB
designed so that the perfect tracking control can be assured at D
every sampling point;..
Equation (5) can be transferred from the frame pefipdo n
the reference periodf, = 7/L by* [0,++,0,271Cl—

&[i + 1] = Az[i] + Buli] (13)
L Fig. 6. Structure of the proposed controller.
whereq £ 1/L = n/N, and where matriced, B and vectors

& are given by From (20),F andK are given by
rxfi + AT, ]~ o
i+ e F=-B'A K=B" 1)
Ei+1]2 | zli+lq| A2 A, (14) Therefore, (19) is described by
: : i +1] = r[i]. 22)
L z[i + 1] AL Ty
r B, O o Utilizing the future desired state, let the reference input be
i} P % rli] = Fali + 1 23)
B£|By,, -~ B, O o | @5 ] =2+ 1]
: 0 wherez,[¢] is the desired state. From (22) and (23), we find that
Bll By - .- - By perfect tracking[:] = #,4[¢] is achieved at every sampling point
Br =ba-pynt1; - binl, I=1....L. (16) Here, Fig. 1 can be represented by Fig. 5 because (17) is
From Fig. 1, the multirate control law of the proposed methd@Written as (24) [17]. The derivation is shown in Appendix B.
is described by Therefore, the proposed controller is simply implemented by
u =C17+ Cay (17) u=(M — C;N)Kr + Cay (24)
=Fi+Qe, + Kr (18)

M—|A+BF | B

where K,Q € RH_, are free parameters. Therefore, Fig. 1 F I
can be transferred to Fig. 4 [18]. The details of the derivation -

are shown in Appendix A. In this papek becomes a constant N=|A+BF B] =D+ 2 Y(C+DF)B (25)

=I+2'FB

matrix. _ _ C + DF D
Because the estimation errors of the observer become zero -

(# = =, ey =y —y = 0) for the nominal plant, from (13) and whereM andN are the parameters of the coprime factorization
(18), this system is represented by of the plantP[z] = NM . The two-degrees-of-freedom con-
troller (24) should be realized with minimum order.

£[i + 1] = (A + BF)xl[i] + BKr[i]. (19)

Because nonsingularity of matriB can be assured by, = D. Structure of the PT@[¢]
nT,, [15], B also becomes nonsingular. Therefore, the parame-In this section, it is shown that the structure of the PTC is
tersF andK can be selected so that the following equations av€ry simple and clear. From (21) and (25), two elemeMt&’
satisfied: and N K in Fig. 5 are represented by

A+BF=0 BK-=1I (20) MK =(I - "B 'AB)B™" (26)

Un case 1, (13) is equal to (5[i + 1] = Az[i] + Bu[i] ) becausd. = 1. NK =-~'CBB " +D({ - z_lgilfiB)Bil. 27)
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Fig. 7. Simulation resultsl{, = T\, = 15 ms). (a) Position. (b) Tracking error. (c) Input.

On the other hand, from (5) and (13), the transfer function from B=[0,...,0, I]B. (31)
u[i] to £[i + 1] is described by
Thus, the(1, 1) element of matrix (29) becomes

i+ 1] = l4 l?]u[i]- (28) BB YA-A_ i_
T8 A-BB 'A=A-[0.....0.IAi=0. (32
The inverse system of (28) is given by Therefore, (29) is given By
PO L1 . | ~-1]
ufi] = |A=BB A | BB | gi+1. (29) uli] = [ 30—1,1 | B; &[i + 1]. (33)
B'A | B -

Based on the definitions od and B in (14) and (15), the fol- Based on (26.) and (3~3).’ Itis founq tha !.K is equal to the
. ; o transfer function fromg[¢ + 1] to w[¢], which represents the
lowing equations are obtained:

stable inverse system. This point is one of the advantages of
L—-1

_ 2In case 1, (33) becomedi] = B—*(I —z~*A) z[i + 1], which is obtained
A=[0,...,0,T|1A (30) directly fromz[i + 1] = Az[i] + Bu[i] of (5), becausd = B.
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Fig. 9. Frequency respong¢:]/ya(z].

IV. EXAMPLES

In this section, the simulated and experimental results for the
position tracking control system of the dc servomotor are pre-
sented, and the advantages of the proposed approach are demon-
strated.

A. Case 17, =T,
First, the simplest example @i, = 17, (case 1) is considered.

The dc servomotor with current control is described by

Py(s) = (35)

Js?2’
The feedback controllef’;[z] is a third-order strictly proper
system obtained from the continuous-tirkg,, mixed-sensi-
tivity problem and Tustin transformation, which includes an in-
tegrator [19]. Calculating (24) and realizing the obtaid&d-]
andC5[z] in minimum order, the controlldlC, C;] becomes
a fifth-order system.

Simulated and experimental results under the desired sinu-

multirate control because the inverse system becomes unstalyg) trajectories of 4 Hz are shown in Figs. 7 and 8. In this
in single-rate systems. Moreover, (6) is described using (33) &stem, both input and output periods die= T, = 15 ms4

y[i] =2 Cx[i + 1] + Duli]

=z"1Cl0,...,0,NF[i + 1]

+ DI - BT AB)B #i + 1].

Because this plant is a second-order system, the sampling pe-
riod of the reference signal beconmiBs= 30 ms(N = 2).
In the following simulations and experiments, the proposed

(34) method is compared with both the SPZC and ZPETC proposed

in [1], at the samd’, andZ’,. Therefore, the reference sampling

Based on (27) and (34), it is shown th¥iK represents the period ;. of the proposed method is twice as long as those of
transfer function fronE[¢ + 1] to y[¢].

The structure of the proposed controller is shown in Fig. 6P
The plantP[z] is driven by the stable inverse system. When the?
tracking errore is generated by disturbance or modeling erro
the robust feedback controll€l,[~] acts to eliminate.

3In case 1, (34) becomegi] = = ~*Cz[i + 1], becausdD = O.

the SPZC and ZPETC, because these methods are single-rate
proaches and sampling periods are séfte= 7, = 1, =

5 ms. However, the proposed controller utilizes the desired
{rajectories of position and velocity, although the SPZC and
ZPETC use those of only position.

4In the experimental results (Fig. 8), the output signals are sampled much
shorter than 15 ms in order to display the intersample responses. Each period is
set relatively long so as to make the comparison clear.
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x10° Error (Simulation) V. CONCLUSION

A novel perfect tracking control method using multirate feed-
forward control was proposed. The proposed method was ex-
tended to be applicable to various systems with hardware re-
strictions on both the sampling and control periods. Moreover,
it was shown that the structure of the proposed PTC was very
simple and clear.

Two examples of position control using a dc servomotor were
examined, and the advantages of this approach were demon-
strated through the simulations and experiments. The first ex-
ample demonstrated that the proposed multirate controller had a
higher performance than the conventional single-rate controller,
even in usual systemd{ = 7,), without special hardware
restrictions. The second example also indicated that the inter-
sample response was improved by multirate feedforward con-

e [rad}

» z : i :

0 20 20 60 80 160 120 trol for the system with a long sampling peridt,(> 7).
t [msec]
Fig. 10. Simulation resultsl{, = 15 ms, T, = T,,/N, T, = 2T.,). APPENDIX A
PrROOF OF(18)

Fig. 7(a) and (b) shows that the proposed method exhibitsHere, it is shown that (18) equals (17). It has already been
better performance than either the SPZC or ZPETC. While theoved for the case of one degree of freedom [18]. Therefore, it
responses of the SPZC and ZPETC include large tracking errir&xtended to two degrees of freedom.
caused by the unstable zero, those of the proposed method hatet the right and left coprime factorizations Bfz] be
zero tracking error. The simulated time response of the control .
input is shown in Fig. 7(c), which indicates that the control input Pzl]=NM~'=M N. (36)
of the proposed method is smooth in spite of using multirate
input control. Thus, we find that the proposed multirate feed\!l internally stabilizing controller<C; andC> can be param-
forward method is very practical. Moreover, the experimentgferized as [17]
result also indicates that the proposed method has high tracking

performance, as shown in Fig. 8. Figs. 7 and 8 also show that C: :({( - QJY)_lI{v ~ @37
the intersample responses are very smooth, because not only po- Cy =(X -QN) (Y - QM
sition but also velocity follow the desired trajectories at every =Y — MQ)(X — NQ)™! (38)

sampling pointt;..

The frequency responses from the desired trajecjgiy} to  whereX,Y, X,Y € RH., satisfy the following Bezout iden-
the outputy[¢] are shown in Fig. 9. Because the proposed methaig:
ensures the perfect tracking control, the command response be- B B
comes 1 for all frequencies. However, the gain of the ZPETC [ X —Y} [M Y} -7 (39)
decreases at high frequencies. -N M| |N X '

This example indicates that the proposed multirate feed- ) i ,
forward controller has higher tracking performance than tfere: the following theorem is proved in [18].

. _ —1
single-rate controller, even in a usual servo systéin= 1;,) Theqrem l: SupposeP[z] - ,C(ZI — A)7"B + D where
without special hardware restrictions. (A, B) is stabilizable andC, A) is detectable. Seled and K

suchthatdr £ A+ BF andAy £ A + HC are stable. The

B. Case 27, = T,/N parameters satisfying (36) and (39) are represented by
Next, it is assumed that the output sampling period is re- r

stricted toZ}, = 15 ms by hardware, and the control input canpl,] = Ar | B N[z] = Ap B

be changed more frequently,( = T;,/N). In this case, the per- F 1 C+ DF D

fect tracking control is guaranteedat= N/n = N/2) times -

duringZ},. The single-rate feedback controller is designed with 5 A _B-HD & A -H

. X[z]= | 24 Y] = |24
a 15-ms period, and transferred by (12). I I; 7 o

Fig. 10 shows the simulated tracking error of the proposed L

method under the sinusoidal desired trajectories of 4 Hz. Com-, . ‘

pared withV = 2, the tracking performance is improved for M[z] = An | Bl Npj= |4z | BFHD
large input multiplicities ofV = 4 and 8, because the perfect | C 1 c | D
tracking control is ensured dt (= N/2) intersample points. i ‘ T
This approach has been applied to seeking control of a hard disk[z] = Ar —H Y[:] = Ar H
drive [13]. c+DF | 1 —r | o




FUJIMOTOet al: PERFECT TRACKING CONTROL BASED ON MULTIRATE FEEDFORWARD CONTROL

From the above parameterization, it is shown that (18) equalgs3]
(17). In Fig. 4, consider the state observer described by

[4]
&[i + 1] =Ag#fi] — Hyli] + (B + HD)uli]

§ =C#li] + Duli] ]

(40)

wherez is the estimated plant state. Equation (40) can be rep8!
resented by the following transfer functions:

7
#=— (21— Ap)"'Hy+ (21 — Ay)""(B + HD)u, 7
y=—C(zI — Ay) 'Hy (8]
+{C(zI — Ay) " (B+ HD) + D}u

=(I — M)y + Nu. (41) W
The error of the estimated output is obtained by [10]
[11]

eyzg}—yz—My+Nu. (42)
From the above equations, (18) is transformed into (17) as folt?]
lows: [13]
u =F%+ Qc, + Kr [14]

=—F(zI — Ag) "*Hy + F(2I — Ag)™*
x (B+ HD)u + Qe, + Kr

=Yy+ (I - X)u+Q(—My + Nu) + Kr (5]
(43) [18]

(X — QN)u =(Y — QM)y + Kr (44)
u=(X - QN)"\(Y —QM)y 7
+(X -QN) 'Kr (45) 2

=C1r + Csy. (46)
[19]

APPENDIX B

DERIVATION OF (24)

From (37), the derivation of (24) is as follows [17]:

C,=(X -QN)'K
C1 =(X - QN)"{(X —QN)M — (Y - QM)N}K
(sinceXM —YN =1, MN = NM)
={M - (X - QN)""(Y - QM)N}K

=(M — C,N)K. (47)
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