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Abstract— This paper describes an extended manipula-
bility measure for robot arm based on bi-articular muscle
principle. There are several manipulability measures for
serial link manipulator. However they can not be applied
for manipulators which has animal-like actuator alignment.
Bi-articular muscle is an unique actuator of animals. It
connects two joints and drives both simultaneously. Con-
ventional measures does not consider such actuators. We
extended Impedance Matching Ellipsoid (IME), which is an
unified measure. Proposed measure considers animal-like
actuator alignment including bi-articular muscles. For ver-
ification, we measured actual output force of robot arms.
Whereas proposed measures can represent actual charac-
teristics of the robot arm equipped with bi-articular driving
mechanism.

I. Introduction

In the 1980s and the early 1990s, several manipulabil-
ity measures are proposed. Dynamic Manipulability Ellip-
soid (DME) represents distributions of possible hand ac-
celeration produced by normalized joint torque. Manipu-
lating Force Ellipsoid (MFE) indicates transmission from
normalized joint torque to distal force[1], [2]. Recently
Kurazume et al. proposed Impedance Matching Ellipsoid
(IME), which is an unified measure[3]. DME and MFE
can be represented by special form of IME. IME charac-
terizes dynamic torque-force transmission efficiency. These
measures are used for analysis and design of robot arm.

However such conventional measures have a problem.
They can not be applied for animal arm. Animal arm
has complex alignment of muscles. Especially bi-articular
muscle connects two joints and drives both simultaneously
(Fig. 1). Conventional measures assume that each actu-
ator drives respective joint independently, but bi-articular
muscle does not. By existing bi-articular muscles, distal
output characteristics are quite different compared to con-
ventional robot arm. Our proposed extended measure con-
siders above complex and redundant actuator alignments.
Proposed measure can represent distal output characteris-
tics of animal arm correctly. Proposed measure is verified
by simulations and experiments.

Bi-articular muscle structure is ignored in traditional
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Fig. 1. Conventional robot arm model and animal‘s arm model

robotics. Recently important role of bi-articular muscle
has emerged. Van Ingen Schenau et al. described that gas-
trocnemius muscle which is a bi-articular muscles in the
calf of the leg develops and transmits propulsive force[4].
Mussa Ivaldi et al. reported changes of stiffness at end
point of human arm[5]. Kumamoto et al. suggested mod-
eling of human arms and legs using two antagonistic pairs
of mono-articular muscles and one antagonistic pair of bi-
articular muscles. They revealed that this model can ex-
plains recorded EMG patterns when human arms and legs
output forces [6]. While several robots which mimic bi-
articular muscle structure are proposed. Oshima et al.
developed a jumping robot [7]. In their robot, knee and
ankle joints are connected by wire. This wire mimics gas-
trocnemius muscle. They described gastrocnemius muscle
controls a posture of their robot in vertical jump. Niiyama
et al. proposed Mowgli, which mimics musculoskeletal sys-
tem of frog[8]. Mowgli used pneumatic actuators and some
of them drives two joints simultaneously. In our previ-
ous work, we proposed a robot design arm which has bi-
articular driving mechanism[9][10].

In this paper, derivation of Extended IME is described
in Section II. Verification by simulations and experiments
are showed in Section III and IV respectively.



II. Derivation of Extended IME

A. Derivation of IME

This part briefly describes IME proposed by Kurazume
et al. IME represents efficiency of torque-force transmission
from joint torques to a load[3].

The dynamic equation of serial link manipulator is shown
in Eq. (1). The manipulator has N links and N joints.

τ = M(q)q̈ + C(q, q̇) + G(q) + J(q)T
Fe (1)

Here τ is joint torques and q is joint angles. M(q) is a
tensor of inertia. C(q, q̇) is Coriolis and centrifugal forces.
G(q) is gravity force. J(q) is the Jacobian matrix. Fe is
external force and moment applied to end point.

This manipulator hold a load at its end point. The dy-
namic equation of the load is shown in Eq. (2).

Fe = Mp(ẍ + g̈) (2)

Here Mp is mass of load. ẍ is acceleration of load and it
is equal to acceleration of end point of the manipulator.
g̈ is acceleration of gravity. Acceleration of end point is
represented using the Jacobi matrix.

ẍ = J(q)q̈ + J̇(q)q̇ (3)

From Eq. (1), (2) and (3), the dynamic equation of both
the manipulator and the load is derived.

τ = Q(q)(Fe − Fbias)

Q(q) = J(q)T + M(q)J(q)†Mp
−1

Fbias = (J(q)T + M(q)J(q)†Mp
−1)†

× [M(q)J(q)†(g + J̇(q)q̈) − C(q, q̇) − G(q)] (4)

Fbias is a bias term related to velocity and gravitation. Eq.
(5) defines normalized torque τ̃ .

τ̃ = L−1τ (5)

L = diag(τ limit
1 , τ limit

2 , . . . , τ limit
n ) represents maximum

torque of each joint. Range of joint torque is represented
by Eq. (6).

τ̃T τ̃ ≤ 1 (6)

IME is derived from Eq. (4), (5) and (6).

(Fe − Fbias)T QT (L−1)2Q(Fe − Fbias) ≤ 1 (7)

MFE and DME are well-known measures. They are rep-
resented as limited forms of IME. When mass of load Mp

is infinite, Eq. (7) is rewritten as Eq. (8). In this case IME
is equal to MFE.

F T J(q)(L−1)2J(q)T
F ≤ 1 (8)

When mass of load Mp is 0, Eq. (7) is rewritten as Eq.
(9). In this case IME is equal to DME.

Ẍ
T
(M(p)J(q)†)T (L−1)2(M(q)J(q)†)Ẍ ≤ 1 (9)

To
rq

ue
 a

t R
2[

N
m

]

Torque at R1[Nm]

incircle ellipse
area of torque

To
rq

ue
 a

t R
2[

N
m

]

Torque at R1[Nm]

incircle ellipse
area of torque

conventional robot arm animal arm
Fig. 2. Difference in Possible Range of Joint Torques Between Con-

ventional Arm and Animal Arm

B. Considering Complex Actuator Alignment

Animal arm has complex actuator alignment. Above
IME can not be applied to animal arm and robot arm
which mimics animal muscular alignment. Fig. 2 shows
difference in possible range of joint torque between con-
ventional robot arm and animal arm. Each arm has two
links and two joints but animal arm has bi-articular muscle
which drives both two joints. In Fig. 2, outer polygonal
shape indicates possible range of joint torque. Inner ellipse
is inscribed to the polygonal shape and is representative of
possible range. IME and other measures are mapping of
this ellipse.

For considering complex actuator alignment, manipula-
tor has N joints which is driven by M actuators. Some of
actuators drive multiple joints simultaneously. A relation
between joint torque τ and torque of actuator τact is Eq.
(10).

τ = Alignτact (10)

Where

Align =


a1,1 a2,1 . . . aM,1

a1,2 a2,2 . . . aM,1

...
...

. . .
...

a1,N a2,N . . . aM,N

 (11)

Each element of actuator alignment matrix Align repre-
sents transfer coefficient form mth actuator to nth joint.
Align is not regular matrix. Therefore pseudo inverse ma-
trix is used for transfer from joint torque τ to torque of
actuator τact. Maximum torque of actuator is shown as
Lact = diag(τactlim

1 , τactlim
2 , . . . , τactlim

m ). Therefore nor-
malized torque is represented by Eq. (12).

τ̃act = compLact
−1A†

lignτ (12)

Here comp is compensation factor. Similarly extended IME
is derived from Eq. (13) as Eq. (14)

τ̃act
T τ̃act ≤ 1 (13)

(Fe − Fbias)T QT ExtendQ(Fe − Fbias) ≤ 1 (14)

where

Extend = c2
omp(LactAlign)†T (LactAlign)† (15)
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Extended MFE is rewritten as Eq. (16).

F T J(q)ExtendJ(q)T
F ≤ 1 (16)

Extended DME is rewritten as Eq. (17).

Ẍ
T
(M(q)J(q)†)T Extend(M(q)J(q)†)Ẍ ≤ 1 (17)

C. Application for Two Link Manipulator with Bi-articular
Muscles

Here we discuss about applying for two link manipula-
tor with bi-articular. Fig. 3 shows possible range of joint
torque in target manipulator. In this case Align and Lact

is settled as Eq. (18) and (19).

Align =
(

1 0 1
0 1 1

)
(18)

Lact = diag(τactlim
1 , τactlim

2 , τactlim
3 ) (19)

comp is adjusted so that IME touches hexagonal shape
internally. compA, compB , compC are coefficients determined
so that IME touches pair of edge A-A’, B-B’ and C-C’
respectively. comp is chosen as Eq. (20).

comp = max(compA, compB, compC) (20)

Here compA, compB, compC are derived from condition to
touch respective pair of edge.

compA =
1

τactlim
2 + τactlim

3

√
4e1,1

4e1,1e2,2 − (e2,1 + e1,2)2
(21)

compB =
1

τactlim
1 + τactlim

3

√
4e2,2

4e1,1e2,2 − (e2,1 + e1,2)2
(22)

compC =
4(e1,1 + e1,2 + e2,1 + e2,2)

(τactlim
1 + τactlim

2 )2{4e1,1e2,2 − (e1,2 + e2,1)2}
(23)

e1,1, e1,2, e2,1, e2,2 are solved as the following.

(LactAlign)†T (LactAlign)† =
(

e1,1 e2,1

e1,2 e2,2

)
(24)

Fig. 4. Conventional Robot Arm and Target Robot Arm

D. Index of Manipulability

This part describes quantitative indexes of manipula-
bility. These indexes are feature quantities of ellipsoid.
Here singular values of compLact

−1Align
†Q is defined as

σ1, σ2, ..., σN in descending order. Volume of ellipse is pro-
portional to product of all singular values.

wv = σ−1
1 · σ−1

2 · . . . · σ−1
N (25)

wv is an index that indicates comprehensive efficiency of
torque-force transfer.

wm and wr indicates balance of output.

wm = σ−1
1 (26)

wr =
σN

σ1
(27)

wm is corresponding to length of minor axis of ellipsoid
and indicates minimum output at end point. wr is equal
to ratio between minor axis and major axis. wr improves
if ellipsoid is close to sphere.

III. Verification of Proposed Measure

This section describes verification of the proposed mea-
sure by simulation. Target model is two link manipulator,
which works in horizontal plane. This manipulator has
two joint, but these joints are driven by three actuators.
Two actuators of them drives only one joint. One actuator
drives two joints simultaneously. Fig. 4 shows target ma-
nipulator and conventional manipulator. For comparison,
summation of maximum torque of actuators are same in
both manipulators. Eq. (28) and Eq. (29) are maximum
torque of actuators in target manipulator and conventional
manipulator respectively.

Lact1 = diag(
2
3
,
2
3
,
2
3
) (28)

Lact2 = diag(1, 1) (29)

Each manipulator works in horizontal plane and each link
is a thin rod. Parameters of the manipulators are shown in
TABLE I. For verification of IME represented by Eq. (14),



TABLE I

Parameters of simulation model

l1 length of link 1 1.0[m]
l2 length of link 2 1.0[m]
m1 mass of link 1 1.0[kg]
m2 mass of link 2 0.5[kg]
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Fig. 5. IME and Range of Output Force Acting on the Load with or

without Bi-articular Muscles

range of external force Fe applied to the load is solved by
Eq. (30) directly.

Fe = Q†τ + Fbias (30)

Here mass of load is 0.5 kg and its velocity ẋ is 0. In this
time, bias term Fbias becomes 0. Fig. 5 shows range of
external force and IME ellipsoid about both manipulators.

Proposed measure can represent range of possible ex-
ternal force. In the right picture of Fig. 5, conventional
measures are written as thin solid line. Small ellipse is re-
sult of ignoring bi-articular muscle. Assuming torque of
bi-articular muscle drives both joint independently, con-
ventional measure writes big ellipse. Each of them can not
describe characteristics of actual range. Both volume and
direction is incorrect in conventional measure.

IV. Experiment

A. Experimental Robot Arm

This part describes our experimental robot arm. This
robot arm has two links and two joints. It works only
in horizontal plane. Each joint is driven by the DC mo-
tor. Additionally this robot arm has a bi-articular driving
mechanism consists of pulleys and belt. Bi-articular driv-
ing mechanism mimics animal bi-articular muscles. This
mechanism drives both two joints simultaneously. Whole
design of robot arm is shown in Fig. 6. Fig. 7 is photo of
the robot arm. TABLE II shows major parts of the robot
arm. TABLE III shows components of the control system.
TABLE IV shows properties of the robot arm.

B. Experimental Verification

For experimental verification, the end point of the robot
arm is fixed to the force sensor. Also the force sensor is
fixed to the base of the machine (Fig. 8). The robot arm

Motor

Link2
Link1

encoder
gear

timing belt

Fig. 6. Outline view of robot arm design

Fig. 7. A photo of robot arm

TABLE II

Major parameters of robot arm

Link1 (upper) 200×50×10[mm] 270[g]
Link1 (bottom) 200×50×10[mm] 270[g]
Link2 200×50×10[mm] 270[g]
Motors TAMIYA(380K75)
Encoders OMRON(E6H-CWZ6C)
Force Sensor NITTA(IFS-67M25A25-l40-ANA)
Current Sensor MAXON ADS 50/5

TABLE III

Components of control system

Motor driver MAXON ADS 50/5
OS ART-Linux
CPU Intel Pentium4 1.5MHz
AD-DA board Interface PCI-3523A
Counter board Interface PCI-6201E
Receiver of force sensor Nitta IFS-PCI-2184D



TABLE IV

Properties of robot arm

Total height 270mm
Total length 500mm
Total mass of link 1 0.72kg
Total Length of link 1
between joint 1 and 2

165mm

Total mass of link 2 0.27kg
Total length of link 2
between joint 2 and center of
force sensor

185mm

Moment of inertia of joint 1 0.034kg·m2

Moment of inertia of joint 2 0.0058kg·m2

Torque coefficient 0.20Nm/A

Fig. 8. Experimental Setup

generates maximum force for whole directions. The force
sensor records output force at the end point of the robot
arm.

In this experiment, mass of load Mp is regarded as ∞.
IME is equal to MFE. Other parameters are based on TA-
BLE IV. To generate maximum output force for each di-
rection, torque of actuators are settled from Fig. 10 and
11. θmsl is a variable only for convenience. We choose 40
torque set from θmsl = 0 to θmsl = 2π evenly.

Fig. 12 shows result of experimental verification. Joint
angles θ1 and θ2 are 0.765 rad and 1.567 rad respectively. In
conventional arm (left picture), each motor generates max-
imum 0.3Nm. While in target arm (middle picture) each
motor generates maximum 0.2Nm. Summation of maxi-
mum torque are same in each arm. Right picture shows
the case that bi-articular driving mechanism is relatively
big. Both joint motors generate 0.15Nm and bi-articular
driving mechanism generates 0.3Nm. In these three pic-
tures, polygonal shape is expected output force calculated
by the Jacobi matrix. Actual recorded force is plotted
as +. The ellipse drawn by dotted line indicates conven-
tional or extended IME(MFE). Experimental result shows
extended measure can represent characteristic of robot arm
equipped with bi-articular driving mechanism. Character-
istics of output force is significantly changed by output of

Fig. 9. Coordinate and Postures of Robot Arm

Fig. 10. Torque of actuators for robot arm equipped with bi-articular
driving mechanism

bi-articular driving mechanism.
Fig. 13 and 14 are experimental results, when joint an-

gles are changed. θ1 and θ2 are 1.013 rad and 1.115 rad in
Fig. 13. The arm is in extended posture. θ1 and θ2 are
0.460 rad and 2.213 rad in Fig. 14. The arm is in flexed
posture. These results show changes of characteristics by
posture of the arm. Our proposed measure can represent
these characteristics correctly.

V. Conclusion

This paper proposed extended manipulability measures
and it can represent characteristic of the manipulator which
has animal structure. Proposed measure is verified by the
simulation and the experiment. In the experiment, our pro-
posed bi-articular driving mechanism also works correctly.

Proposed measure can be applied to animal arms or
robot arms which has animal characteristics. Proposed
measure helps fair comparison of manipulability and ef-
fective design.
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