
Overoming Current Quantization E�ets for Preise CurrentControl by Extended Dithering Tehniques�Hongzhong Zhu(The University of Tokyo) Fujimoto Hiroshi (The University of Tokyo)Abstrat{ Preise urrent ontrol and motor sensorless ontrol need aurate urrent signals. However,urrent measurement error inluding the metering error and the quantization error is unavoidable for digitalontrol. In this paper, extended dithering tehniques are presented to suppress the quantization e�etsaused by A/D onverters. It is shown that by the use of dither having a suitably hosen probability densityfuntion, the total measurement error an be rendered spetrally white while the variane of the total erroris minimized. The e�etiveness of the proposed methods is veri�ed by simulations and experiments.Key Words: dithering tehniques, quantization, analog-to-digital onverter, urrent ontrol1 IntrodutionPreise urrent measurement is essential for ur-rent ontrol and motor sensorless ontrol to produehigh stati and dynami performane of a motordrive systems. As the urrent measurement error isintrodued into the ontrol system by urrent sensorsand A/D onverters (ADC), the real urrent signalsof a motor are not guaranteed to follow the referenevalues exatly. This would ause torque ripple anddeteriorate the ontrol performane espeially at lowload [2, 3℄. Therefore, understanding and suppressingthe urrent measurement error have attrated a greatdeal of attention, see, e.g., [1, 4, 5℄.Current measurement error an be lassi�ed asthe metering error and the quantization error. Themetering error, whih is aused by thermal drift, do�set and saling inauray, is introdued into on-trol loop by urrent sensors and other analog devies.The quantization error arises beause the analog ur-rent signal may assume any value within the inputrange of the A/D onverters while the output datais a sequene of �nite preision samples. Quantiza-tion error behaves as highly olored noise and annotbe ignored in many ases. It is reported in [4℄ thatquantization error would a�et the auray of therotor position estimation when high frequeny signalinjetion method is used for sensorless ontrol.It is known that white noise is easier to deal withthan other olored noise beause it ontains equalpower at any enter frequeny. Many methods, suhas Kalman �lter and LQG design methods, are pro-posed based on the assumption that the noises in-trodued to the system are white. Motivated by thisperspetive, in this paper, dithering tehniques are ex-ploited to suppress the quantization e�ets. Subtra-tively dithered system and nonsubtratively ditheredsystem are respetively designed to render the quan-tization error be spetrally white and to minimize thevariane of the total urrent error by taking into a-ount the statistial properties of the metering error.Their e�etiveness is validated via simulations andexperiments.The remainder of this paper is organized as fol-lows. Setion 2 presents some important theoremsreferring to quantization and dither. The urrentmeasurement is analyzed and the extended ditheringtehniques are proposed in Setion 3. Setions 4 and5 demonstrate the e�etiveness of the proposed ex-tended dithering tehniques on urrent quantizationvia simulations and experiments. Finally, onlusionis given in Setion 6.

2 Preliminaries2.1 QuantizationAn ideal ADC is a nonlinear devie having astairase-type I/O relation, as shown in Fig. 1. Theamplitude of an input signal is arbitrary and the pos-sible amplitude of output signal is ountably �nitenumber of values. Assuming that the input is alwayswithin the measurement range of ADCs, an ideal ADCan be expressed in terms of the input x and the quan-tization step � asQ(x) = �b x� + 12; (1)where Q(�) is the quantizing operation. The quanti-zation error is de�ned byq �= y � x= Q(x)� x; (2)where x is the input, y is the output. q is dependentof x unless x satis�es the so-alled band-limited on-dition, whih is also referred to as the "QuantizationTheorem" [9℄. The band-limitedness assumption onthe input is not satis�ed universally. Although q isusually highly olored, its lassial model treats it asa random proess with a probability density funtion(pdf) pq(�) = � 1� ; ��2 < � � �20; otherwise: (3)Based on this kind of treatment, the mean and thevariane of the quantization error are [7℄E[q℄ = 0; (4)E[q2℄ = �212 : (5)This treatment is valid for omplex input signalswhose amplitudes are large relative to the quantiza-tion step �. However, it fails atastrophially forsmall or simple signals.2.2 DitherDither, whih is an intentionally applied formnoise, an deorrelate signal-dependent noise suh asquantization noise, has been wildly applied in the past�fty years to suppress the quantization e�ets on au-dio or video signal proessing [6, 7, 10℄. There ex-ist two arhetypes of dithering systems: subtratively
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Fig. 1: Quantization harateristi. � is the quanti-zation step.PSfrag replaements �+ �x y(a)
PSfrag replaements�+�xy �+ yx (b)Fig. 2: Dithering systems. (a) Subtratively ditheredsystem; (b) Nonsubtratively dithered system. x isthe system input, and y is the system output.dithered system and nonsubtratively dithered sys-tem. Shematis of these systems are shown in Fig. 2.In the subtratively dithered system, the total erroris given by e = y � x= Q(x+ �)� (x+ �)= q(x + �); (6)where � denotes the dither. Note that the statistialproperties of the dither an be hosen to ontrol theproperties of the error. In partiular, it an be shownthat [6℄:Shuhman's Condition: In a subtrativelydithered quantizing system, the total error e is uni-formly distributed and statistially independent of theinput for arbitrary input distributions if and only ifthe harateristi funtion of the dither, P� , satis�esthe ondition thatP�(u)ju=k=� = 0; for k = �1; �2; �3; :::: (7)The harateristi funtion of a random variableis the Fourier transform of its pdf p� , whih is de�nedby P�(u) �= Z 1�1 p�(�)e�j2�u�d�: (8)Note that a dither with the uniform probabilitydistributionp�(�) = � 1� ; ��2 < � � �20; otherwise; (9)has the orresponding harateristi funtionP� = sin(��u)��u ; (10)

whih satis�es the desired ondition (7). Applyingthis sort of dither an made the total error e be in-dependent of input x. In addition, the mean and thevariane of the total error e are as same as (4) and(5). Subtratively dithered systems are learly idealin the sense that they render the total error e beindependent of the input. The requirement of syn-hronous dither subtration at the system output,however, annot always be implementable in prati-al situations. It is for suh reasons, nonsubtrativedither tehnique introdued in the following is also ofinterest.In the ase of nonsubtratively dithered system,the total error an be given bye = y � x= Q(x+ �)� x= q(x+ �) + �: (11)Obviously the total error is not simply the quantiza-tion error alone, but also involves the dither. Unlikesubtrative dithering method, it is shown that non-subtrative dithering method annot make the totalerror statistial independent of the system input [8℄.However, the following result an be obtained [7℄:Theorem: In a nonsubtratively dithered quantiz-ing system, E[eljx℄ is funtionally independent of theinput x for l = 1; 2; :::;M if and only ifd iP�d ui (u) ��u=k=�= 0 for k = �1;�2;�3; :::; (12)where i = 0; 1; 2; :::;M � 1.Based on this Theorem, the mean and the vari-ane of the total error are expressed as follows:E[e℄ = E[�℄; (13)E[e2℄ = E[�2℄ + �212 : (14)It is analyzed in [8℄ that triangular-pdf dither of2-LSB peak-to-peak amplitudepw(�) =8<: 1�2 (�+�); �� < � � 01�2 (��+�); 0 < � � �0; otherwise; (15)is unique hoie to render the mean and the varianeof the total error e be independent of the input, whileminimizing the variane. In this ase, they are givenby E[e℄ = 0; (16)E[e2℄ = �24 : (17)3 Dithering tehniques for urrentquantization3.1 Current measurementIn this setion, urrent measurement for digitalurrent ontrol is analyzed. Extended dithering teh-niques are proposed by taking aount of the statisti-al properties of the metering error.Fig. 3 shows the typial path of the urrent mea-surement [11℄. Current signals, transdued to the



Fig. 3: Path of urrent measurement.PSfrag replaements �+ imi qFig. 4: Model of the urrent measurement: � is themetering error, and q is the quantization error.voltage signals by urrent sensors, are transformedinto digital values via A/D onverters after ampli-tude ampli�ation and noise �ltering. During thisproedure, the metering error and the quantizationerror are introdued to the ontrol system, as shownin Fig. 4. The metering error, whih is mainly ausedby thermal drift by analog devies, is denoted by �.Without loss of generality, the real urrent value isassumed to be within the measuring range of urrentsensors, whih means that the metering auray isguaranteed.The quantization step � in this ase an be ex-pressed by � = I02Nb�1 ; (18)where I0 is parameter of the measurement range �I0,and Nb is the resolution of an A/D onverter. In thefollowing, the dithering tehniques are onsidered tobe applied on suppressing the urrent quantizatione�ets.3.2 Subtratively dithered systemAs introdued in the last setion, subtrativedithering method is ideal for suppressing quantiza-tion e�ets beause that it an make the quantizationnoise be independent of input as well as the varianeof the total error is not enlarged. Its appliation onsuppressing urrent quantization is shown in Fig. 5.The urrent error is expressed asei = im � i= Q(i� + �)� (i� + �) + �= q(i� + �) + �: (19)Aording to Shuhman's Condition, q(i� + �) isindependent of i� if � is uniform noise shown as (9).Therefore, if the metering error � an be assumed tobe white noise, the total urrent measurement errorei would be regarded as white noise. The mean andthe variane of ei are expressed asE[ei℄ = 0; (20)E[e2i ℄ = E[�2℄ + �212 : (21)3.3 Nonsubtratively dithered systemThe appliation of nonsubtratively ditheredmethod is onsidered in this subsetion. The blokdiagram is shown in Fig. 6. Denote the sum of thedither � and the metering error � byw �= � + �; (22)

PSfrag replaements �+ imi� �ADCi +�Fig. 5: Model of subtrative dithering method for ur-rent measurement system.PSfrag replaements �+ imi� ADCi �+Fig. 6: Model of nonsubtrative dithering method forurrent measurement system.for the sake of onveniene. In order to make the meanand the variane of the total error ei be independentof the input as well as to minimize the variane of ei,the statistial properties of � is taken into aount.Aording to the Theorem presented in the last se-tion, the optimal seletion of v is the one whih anontrol w to be the triangular-pdf noise (15). A-ording to onvolution theorem and inverse FourierTransform, a theoretial optimal seletion of � an beomputing byp� = F�1 sin2(��u)P�(u) d u; (23)where sin2(��u) and P�(u) are the harateristifuntion of triangular-pdf (15) and �, respetively.F�1 denotes the inverse Fourier Transform. A vari-able with the probability distribution solved from (23)is usually not so easy to implement. Aording tothe pratial situation, two ommon ases that � isuniform noise and � is Gaussian noise are disussed,respetively.3.3.1 The metering error is uniform noiseIn this ase, the following proposition an beobtained:Proposition 1: Suppose that � is uniform noise withthe probability distributionp�(�) = �N� ; � �2N < � � �2N0; otherwise; (24)where N 2 N is a natural number, then w is thetriangular-pdf noise expressed by (15) if the probabil-ity distribution of � satis�es
p�(�) =

8>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>:
1N� ; n � 2N�12N � < � � � 2N�32N �2N�32N � < � � 2N�12N �2N� ; n � 2N�32N � < � � � 2N�52N �2N�52N � < � � 2N�32N �... ...iN� ; n � 2(N�i)+12N � < � � � 2(N�i)�12N �2(N�i)�12N � < � � 2(N�i)+12N �... ...N�1N� ; n � 32N� < � � � 12N�12N� < � � 32N�1� ; � 12N� < � � 12N�0; otherwise;

(25)
where i = 1; 2; � � � ; N � 1. Fig. 7 shows the onvo-lution of p� and p� to form pw in the ase of N = 2.



PSfrag replaements
�2�p���4 �4 �3�4 3�41� 12�p�

pw 1��� �Fig. 7: Example of Proposition 1 in the ase ofN = 2.Proof: Aording to the Convolution theorem, thisproposition an be easily proved.Note that the metering error j�j � �2 is only on-sidered in (24). If the metering error is larger, � analso be designed to render the total error ei be fun-tionally independent of true input if the Theorem inSetion 2 is satis�ed. However, the SNR may be toolow to aeptable.3.3.2 The metering error is Gaussian noiseIn this ase, designing � based on (23) is veryhard not only beause of the alulation, but also therealization for pratial situation. Therefore, ontrol-ling � to make w �t the probability distribution (15)is onsidered. The simplest way is to set w as Gaus-sian noise with the same variane as the triangular-pdf noise (15). Aording to the onvolution theoremand the properties of Normal distribution, the follow-ing results an be obtained:Proposition 2: Suppose that the metering error �has the Normal distribution:p�(�) = 1p2��2 e� 12 �2�2 ; 0 < �2 < �26 ; (26)where � is the standard deviation, w has the samevariane as the triangular-pdf noise (15). if the prob-ability distribution of � satis�esp�(�) = 1q2�(�26 � �2)e� 12 �2�26 ��2 : (27)4 SimulationsIn this setion, the simulations are performedto verify the e�etiveness of the extended ditheringtehniques presented in the last setion. The mod-els shown in Fig. 5 and Fig. 6 are exploited. AnADC with a resolution of 10 bits and the measure-ment range of �50A is onsidered. The orrespondingquantization step is � = 0:0977A aording to (18).The input urrent signal is set as i� = sin 10�t.Firstly, the metering error � whih is set as uni-form noise with the distribution shown in Fig. 7 is on-sidered. Without dither, with the subtrative ditherdesigned via (9), and with the nonsubtrative ditherdesigned via (25) are performed, respetively. In thease that without dither, there are sharp peaks fall atmultiples of the input sine wave frequeny, as shownin Fig. 8(a). The results of applying subtrative ditherand nonsubtrative dither are shown in Figs. 8(b,).
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()Fig. 8: Simulation results in the ase that the meter-ing error is uniform noise with j�j � �4 . (a) shows thefeature of quantized urrent signal without applyingdither. (b) shows the result when subtrative dither(9) is applied. () shows the result when nonsubtra-tive dither (25) is applied.Table 1: Parameters of stageIndutane L 6:4� 10�3 HResistane R 13:1 
Mass M 14:3 kgVisosity B 24 N=(m=s)Thrust oeÆient Kt 26:5 N=ABah-EMF onstant Ke 9:5 V=(m=s)It is observed that the sharp peaks are redued, whihimplies that both the subtrative dither and the non-subtrative dither an render the quantization noiseto be spetrally white.Then, the metering error � is set as the Normaldistribution N(0; �248 ), whih has the same varianeas uniform noise of j�j � �4 . Without dither, withthe subtrative dither designed via (9), and with thenonsubtrative dither designed via (27) are examined.The simulation results are shown in Fig. 9. It is alsoobserved that the sharp peaks are suppressed, and thee�etiveness of the subtrative dithering method andthe nonsubtrative dithering method is veri�ed.5 ExperimentsIn this setion, the e�etiveness of extendeddither tehniques are veri�ed via experiments. Theexperimental setup is shown in Fig. 10, whose param-eters are shown in Table. 1. The stage is driven bylinear motors loated at the two sides of the arrier.The position information is measured by an enoder
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()Fig. 9: Simulation results in the ase that the meter-ing error is Gaussian noise with variation �2 = �248 .(a) shows the feature of quantized urrent signal with-out applying dither. (b) shows the result when sub-trative dither (25) is applied. () shows the resultwhen nonsubtrative dither (27) is applied.
Fig. 10: The experimental setup.with the resolution of 1 nm. U-phase and W-phaseurrents are measured by FA-050PV and then on-verted into digital signal by an A/D onverter whoseresolution is 14 bits. The resolution is dropped to 10bits by software for the onveniene of omparison.Dither is generated by DSP and then onverted toanalog signal via D/A onverter whose resolution is16 bits. The implementation of the subtrative dithermethod is shown in Fig. 11. A time delay is alsointrodued to synhronize the addition and the sub-tration. The position ontroller, speed ontroller andurrent ontroller are designed in advane. The blokdiagram of ontrol system is shown in Fig. 12.Firstly, the metering error is measured by theADC with the resolution of 14 bits. the histogramplot of the noise is shown in Fig. 13. It is observedthat the metering error an be regarded as Gaussiannoise. The orresponding variane is 1:1218 � 10�4.Based on this value, the nonsubtrative dither and

Fig. 11: The implement of subtrative dither method.
Fig. 12: Blok diagram of ontrol system.subtrative dither are designed aording to (27) and(9). The trajetory of the stage is set linearly, asshown in Fig. 14. The orresponding veloity refer-ene is onstant. The experimental results are shownin Figs. 15 � 16. The solid line shows the results of 10bits ADC without dither. The dotted line shows theresult of 10 bits ADC with subtrative dither. Thedashed line shows the results of 10 bits ADC withnonsubtrative dither. It is observed from Fig. 15that the omponents at high frequenies are reduedif dithering tehniques are applied, whih also meansthat the ripple aused by urrent quantization anbe suppressed. the RMS of the traking errors areshown in Table 2. It is shown that both subtra-tively dithered method and nonsubtratively ditheredmethod an redue the urrent quantization e�ets.The subtrative dither method an obtain a relativelysmall traking error.Table 2: The RMS of traking error with & withoutdither 10-bitw/o dither 10-bitw/ sub. d 10-bitw/ nsub. dtrakingerror (�m) 4.4299 3.4265 3.9513
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Fig. 15: FFT of U-phase urrent signals. The solidline shows the results of 10 bits ADC without dither.The dotted line shows the result of 10 bits ADC withsubtrative dither. The dashed line shows the resultsof 10 bits ADC with nonsubtrative dither.
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Fig. 16: The omparison of the position traking er-ror. The solid line shows the results of 10 bits ADCwithout dither. The dotted line shows the result of10 bits ADC with subtrative dither. The dashed lineshows the results of 10 bits ADC with nonsubtrativedither.6 ConlusionIn this paper, some signi�ant theorems on quan-tization and dithering tehniques are reviewed, andtheir appliations on urrent quantization are pre-sented. In order to make the urrent measurementerror be independent of real urrent signal and min-imize its variane, extended dithering tehniques areproposed by taking into aount the statistial proper-ties of the metering error. Aording to the simulationresults, the proposed methods an render the totalmeasurement error be spetrally white. The dither-ing tehniques are also applied to a high-preise stage,and the experimental results demonstrate their e�e-tiveness.Referenes[1℄ D.W. Chung, and S.K. Sul, Analysis and Com-pensation of Current Measurement Error in Vetor-Controlled AC Motor Drives IEEE Trans. Indust.Appl. , Vol. 34, No. 2, pp. 340{345, Mar./Apr. 1998.[2℄ J. Holtz, and J. Quan, Sensorless Vetor Control ofIndution Motors at Very Low Speed Using a Non-linear Inverter Model and Parameter Identi�ation,IEEE Trans. Indust. appl. , Vol. 38, No. 4, pp. 1087{1095, Jul./Aug. 2002.[3℄ K. Nakamura, H. Fujimoto, and M. Fujisuna, TorqueRipple Suppression Control for PM Motor Consider-ing the Bandwidth of Torque Meter (in Japanese),IEEJ Trans. IA , Vol. 130, No. 11 pp. 1241{1247,2010.
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