
IEEE/ASME TRANSACTIONS ON MECHATRONICS, VOL. 21, NO. 1, FEBRUARY 2016 443

Torque Distribution-Based Range Extension
Control System for Longitudinal Motion

of Electric Vehicles by LTI Modeling
With Generalized Frequency Variable
Yafei Wang, Hiroshi Fujimoto, Senior Member, IEEE, and Shinji Hara, Fellow, IEEE

Abstract—Electric vehicles (EVs) have been identified
as alternatives to traditional engine vehicles because they
have no tailpipe emissions and are cheaper to operate.
However, limited mileage per charge partially prevents EVs
from becoming popular. Although high-efficiency motors
and large batteries can be employed to increase the cruis-
ing range per charge, pure control approaches for energy
saving are more promising. To increase the cruising range
of EVs equipped with front and rear in-wheel-motors, this
paper proposes an optimal torque distribution algorithm for
longitudinal motion by considering the transfer of weight
between front and rear axles and motor losses. Then, by
modeling an EV as a linear time-invariant (LTI) system with
generalized frequency variables, a distributed control con-
cept is proposed, in which part of the main controller’s task
is allocated to the local controllers. A stability criterion is
established for the controller design, and the effectiveness
of the proposed range extension control system is verified
by both simulations and experiments.

Index Terms—Electric vehicle (EV), energy manage-
ment system, generalized frequency variable, linear time-
invariant (LTI) modeling, torque distribution.

NOMENCLATURE

μi Friction coefficient between the ith wheel and road.
λi Slip ratio of ith wheel.
ωi ith wheel’s angular velocity.
ωe,i Electrical angular velocity of the ith motor.
ρair Air density.
ax Longitudinal acceleration rate
fR Rolling resistance coefficient.
g Gravitational acceleration.
haero Height at which equivalent aerodynamic force acts.
icd,i d-axis iron loss current of the ith motor.
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icq ,i q-axis iron loss current of the ith motor.
id,i d-axis current of the ith motor.
iq ,i q-axis current of the ith motor.
k Front-rear torque distribution ratio.
kopt Optimal torque distribution ratio
l Distance from front wheel to rear wheel.
ld Travel distance of the speed pattern
Ds,i Driving stiffness of the ith wheel.
Faero Air resistance.
Fall Total driving force.
Fi Driving force of the ith wheel.
Froll Rolling resistance.
Kt,i Torque coefficient of the ith motor.
Mroll,i Rolling resistance moment of the ith wheel.
Pcopper Total copper loss
Pc,i Copper loss of the ith motor.
Pf Friction loss.
Pi,i Iron loss of the ith motor.
Piron Total iron loss.
Pin Input power to the inverters.
Pinv Total inverter loss.
Pout Output power of the motors.
Ra,i Armature winding resistance of the ith motor.
Rc,i Equivalent iron loss resistance of the ith motor.
Ni Normal force of the ith wheel.
Ti Driving torque applied to the ith wheel.
Vω,i Velocity of the ith wheel.
Vx Vehicle velocity.

I. INTRODUCTION

E LECTRIC vehicles (EVs) have been gaining attention
from both industry and academic fields as green solutions

for future transportation. However, limited cruising range per
charge prevents EVs from receiving public recognition [1] to a
certain extent. A straightforward solution to this issue is to in-
crease battery size, but cost and limited onboard space render it
impractical in many cases. Other methods that focus on develop-
ing additional charging infrastructure, such as charging station
planning [2] and wireless charging while driving [1] have been
studied. Some energy harvesting devices for energy efficiency
improvement have been described [3], e.g., onboard shock ab-
sorbers that can harvest vertical vibration energy. Along with
developing motors, the operating range of EVs can be increased
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by utilizing energy more efficiently [4]. These approaches
rely on additional facilities or onboard hardware; meanwhile,
energy control algorithms for EVs with a distributed drive struc-
ture have only been studied in recent years. A review paper [5]
categorized these studies into two: the longitudinal motion case
and the lateral motion case. For lateral motion, lateral stability
has to be addressed along with the energy conservation, which
was done by one of the authors’ former team in [6]. This study
focuses on longitudinal motion, which is a complement to the
lateral case of the range extension control system (RECS). In
a recent study for energy management in longitudinal motion,
a torque distribution strategy was investigated for a front-and-
rear-wheel-driven EV by considering iron and copper losses
of motors. Its effectiveness was demonstrated using a standard
driving cycle on a test bench [7]. In another project, a cost func-
tion strategy for energy consumption was designed using parti-
cle swarm optimization, and this method was proven to be ef-
fective in a hardware-in-the-loop system [8]. A load transferring
and slip ratio control method during acceleration and braking
had been studied for front-rear-independently driven EVs [9].
This strategy optimizes the distribution ratio of driving/braking
torques on front and rear wheels, and energy consumption was
shown to be reduced. An EV with four brushless dc in-wheel
motors (IWMs) was studied, and torque distribution algorithms
that can minimize consumed power for the longitudinal motion
of EVs were investigated using a trapezoid speed pattern [10],
[11]. In our research, an EV with four in-wheel-type permanent
magnet synchronous motors (PMSMs) was considered, and the
input power to the motor controllers (inverters) was modeled as
a convex function of k, which can be optimized to minimize the
required power for the longitudinal motion of EVs.

On the other hand, an increasing number of control functions
related to safety, comfort, and efficiency are desired for ad-
vanced performances of EVs [12], [13]. If all of these functions
were implemented in a central processor, the complexity and
processing load would increase considerably. Moreover, an EV
with two pairs of IWMs is an overactuated system, and the al-
location of control inputs for objectives, such as cruising range
extension, has to be considered. To address these two issues,
a control allocation-based distributed control approach can be
employed. A main-loop–servo-loop structure was proposed for
vehicle dynamics control, where the main loop calculates de-
sired forces and yaw moment and the servo loop computes the
optimal control input for each actuator [14]. Another work pro-
posed a three-level control strategy to achieve optimal torque
distribution for four IWMs, where the first level generates de-
sired yaw moment, the second level distributes the desired lon-
gitudinal tire forces, and the third level controls slip ratio of the
wheels [15]. Three energy-efficient control allocation schemes
were proposed and compared for longitudinal speed tracking
control of an electric ground vehicle (EGV) with four IWMs
[10], and both simulated and experimental results indicated re-
duced power consumption by applying the proposed algorithms.
For speed pattern generation of longitudinal motion, another pa-
per proposed a method to compute the front-and-rear-forces for
an all-wheel drive vehicle that moves along a specified path
[16], and the method was demonstrated for a vehicle moving at

optimal speeds over a bump. However, most research on control
allocation did not provide a generalized stability guarantee for
the overall system and some of them only provide a stability
criterion for the inner loop [17].

Proposed by Hara et al., a formation control methodology was
investigated for distributed homogeneous dynamic agents that
are locally stabilized by identical controllers [18]–[20]. Consid-
ering that the stability of the overall system cannot be guaranteed
even if all of the local systems are stable, a stability criterion
for linear systems with generalized frequency variables was es-
tablished. Specifically, a large scale system denoted by L(s) is
assumed, the transfer function’s “s” variable is replaced with a
rational function “φ (s),” and G(s) is defined as L(φ(s)). Then,
the Lyapunov stability of multiagent coordination is transformed
into one observing the relationship between the pole locations
of L(s) and the region of φ(s) in the complex plane. Based on this
concept, the four IWMs of an EV are treated as four local sys-
tems in this study, and each of them is controlled by an inverter,
i.e., an IWM and an inverter formulate an agent. The central
controller (vehicle main controller) allocates driving torque to
the four agents to extend cruising range, by considering mo-
tor losses and weight transfer between the front and rear axles.
The contributions of this paper are twofold. First, an EV with
four IWMs was modeled as a linear time-invariant (LTI) system
with four generalized frequency variables. Therefore, the stabil-
ity of the control system can, therefore, be analyzed by simply
checking the pole locations of the global system and the region
of local dynamics in the complex plane. In fact, this proposed
modeling provides a framework for stability analysis of control
allocation problems for EVs with two pairs of IWMs, which
has rarely been explored in the existing literature. Second, in
consideration of the vehicle speed, the output power of the mo-
tors was modeled as a convex function of k. Moreover, based
on the PMSM’s equivalent circuit, copper and iron losses can
be also modeled as convex functions of k. Therefore, k can be
optimally calculated to minimize the sum of motor output power
and losses, i.e., the driving torque can be optimally distributed
between the front-rear axles for efficiency, which provides an
added value for front-rear-independent-drive EVs.

II. SYSTEM DESCRIPTION AND MODELING

An EV with four IWMs can be seen as a control system with
four agents: the vehicle controller works as a central coordina-
tor, and the four wheels are controlled by local inverters. The
global-local structure is illustrated in Fig. 1, where the global
coordinator calculates required torques, and then, sends com-
mands to the inverters to control the four IWMs.

A. Vehicle and Wheel Dynamics

To propel the EV, the total driven force of the IWMs has
to overcome the forces caused by wind resistance, rolling re-
sistance, and inertial effects. Fig. 2 shows the force analysis
of an EV with four driving IWMs, and the equation to de-
scribe this model can be given as (1), in which Faero and Froll
were neglected in the controller design. However, these two
terms were considered in the plant model for the simulations in
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Fig. 1. Global and local structure illustration of an EV.

Fig. 2. Modeling of an EV with IWMs.

Section V

M · V̇x = Fall − Faero − Froll

=
4∑

i=1

Fi −
1
2
· ρair · Cdrag · Afront · V 2

x − fR · M · g.

(1)

For a single wheel, the governing dynamics equation can
be given as (2), and Mroll,i is generally influenced by many
factors such as road condition, tire type, etc. For control design,
the effects of rolling resistance moments on all wheels can be
replaced by Froll , which is assumed to be applied to the vehicle
directly as given in (1)

Ji · ω̇i = Ti − Fi · r − Mroll,i . (2)

Furthermore, an important characteristic for wheel dynamics
is the slip ratio, which is given as

λi =
Vω,i − Vx

max (Vω,i , Vx)

where Vω,i = ωi · r. (3)

In (3), Vω,i is greater than Vx when accelerating and is less
than Vx when decelerating. Moreover, considering that the fric-
tion coefficient between the tire and the road is a function of

Fig. 3. Typical curve of friction coefficient and slip ratio.

slip ratio as shown in Fig. 3, Fi can be represented as

Fi = μi(λi) · Ni. (4)

In this study, λi is assumed to be small; therefore, μi can
be assumed to be proportional to λi , and the slope in Fig. 3 is
defined as D′

s (in this study, it is assumed that the four wheels
are on the same kind of road, i.e., all the D′

s are identical). Then,
Fi can be represented as (5) by introducing Ds,i into (3) [30]

Fi = Ds,i · λi ≈ D′
s · Ni · λi . (5)

To distribute torque to save energy, one of the factors that can
be utilized is load transfer between the front and rear axles [22].
This load transfer is caused by acceleration and deceleration.
The normal forces on the four wheels are

N1 = N2 =
M ·

(
lr · g − hg · V̇x

)
− Faero · haero

2 · l (6)

N3 = N4 =
M ·

(
lf · g + hg · V̇x

)
+ Faero · haero

2 · l . (7)

Here, only longitudinal vehicle motion is considered, and the
left and right normal forces are, therefore, the same.

B. Torque Distribution Model

The commanded torque of the driver can be distributed to the
four wheels to save energy; a simple distribution model will be
explained further in this section. The total driving torque of a
vehicle is the sum of the driving torques of all the wheels as
given in (8). Therefore, the driving torque at each wheel can be
set differently to achieve a desired operation point in real time,
as long as the total driving torque matches the driver’s torque
requirement

Tall = T1 + T2 + T3 + 4. (8)

The driving torque at each wheel is defined as (9) by ignoring
inertial torques [23], where k = 0 means front drive only and
k = 1 means rear drive only

Ti = Fi · r =

⎧
⎪⎨

⎪⎩

r

2
· (1 − k) · Fall, i = 1, 2

r

2
· k · Fall, i = 3, 4.

(9)
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Moreover, from (5) and (9), slip ratio of each wheel can be
expressed as

λi =

⎧
⎪⎪⎨

⎪⎪⎩

(1 − k) · Fall

2 · D′
s · Ni

, i = 1, 2

k · Fall

2 · D′
s · Ni

, i = 3, 4.

(10)

III. OPTIMAL TORQUE DISTRIBUTION LAW

Given that the required vehicle velocity is satisfied, the driving
range of an EV can be increased by minimizing the input power
to the inverters. The input power can be expressed as

Pin = Pout + Piron + Pcopper + Pf + Pinv (11)

where Pf and Pinv are assumed to be uncontrollable in this
study, and they are, therefore, neglected in the derivation of
kopt . In addition, all the four wheels are directly driven by
IWMs. The total motor output Pout is given as

Pout =
4∑

i=1

Ti · ωi. (12)

Next, Pin will be shown to be a function of torque distribution
ratio. Given a velocity pattern, an optimal distribution ratio kopt
can be designed to minimize Pin , i.e., the efficiency between the
total motor output and the input power to the inverters can be
optimized.

A. Motor Output Power

As can be seen from (12), motor torques and angular velocities
are needed to calculate motor output power. Motor torque can
be obtained by (9). Based on the definition of slip ratio, wheel
angular velocity is formulated as

ωi =

⎧
⎪⎪⎨

⎪⎪⎩

Vx

r
· 1
1 − λi

, Vx ≥ Vω,i

Vx

r
· (1 + λi), Vx < Vω,i .

(13)

By inserting (9) and (13) into (12), (14) is obtained. From
(10) and (14), it is seen that Pout is also a function of k

Pout =
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Fall · Vx ·
( 2∑

i=1

1 − k

2 · (1 − λi )
+

4∑
i=3

k

2 · (1 − λi )

)
, Vx ≥ Vω ,i

Fall · Vx ·
(

1 +
2∑

i=1

λi

2
+ k ·

( 4∑

i=3

λi

2
−

2∑

i=1

λi

2

))
, Vx < Vω ,i .

(14)

B. Motor Losses

Copper and iron losses were formulated as a function of the
torque distribution ratio. For the sake of completeness, Park
transformation-based d-q equivalent circuits of a PMSM are
illustrated in Fig. 4 [24]. Copper loss of the ith motor can be
modeled as (15) by considering q-axis and d-axis losses

Pc,i =
3
2
Ri ·

(
i2d,i + i2q ,i

)
. (15)

Fig. 4. Equivalent circuits of the ith PMSM.

Considering that the q-axis current iq ,i is proportional to the
torque, (15) can be alternatively represented as (16) by intro-
ducing the torque coefficient Kt,i

Pc,i =
3
2
Ra,i ·

[
i2d,i +

(
Ti

Kt,i

)2
]

. (16)

Additionally, Kt,i can be given by the number of pole pairs
pn,i and the interlinkage magnetic flux ψi as

Kt,i = pn,i · Ψi . (17)

To maximize output torque, the d-axis current can be con-
trolled to be zero [25], i.e., the q-axis current is much bigger
than the d-axis current. The total copper loss can then be for-
mulated as (18).

Next, it can be known from Fig. 4 that icd,i ·Rc,i = ωe,i · Lq,i ·
ioq ,i and icq ,i · Rc,i = ωe,i · Ld,i · iod,i + ωe,i · ψi . The iron loss
of the ith

Pcopper =
4∑

i=1

[
3
2
· Ra,i ·

(
i2d,i +

T 2
i

K2
t,i

)]

≈
4∑

i=1

(
3
2
· Ra,i · T 2

i

K2
t,i

)
=

4∑

i=1

(
3
2
· Ra,i

p2
n,i · Ψ2

i

· T 2
i

)

=
3 · F 2

all · r2

2
·
[

2∑

i=1

(
Ra,i · (1 − k)2

4 · p2
n,i · Ψ2

i

)

+
4∑

i=3

(
Ra,i · k2

4 · p2
n,i · Ψ2

i

)]
(18)

motor can, therefore, be expressed as

Pi,i =
3
2
· Rc,i · (i2cd,i + i2cq ,i)

=
3
2
·

ω2
e,i

Rc,i
· [(Lq,i · ioq,i)2 + (Ld,i ·iod,i + ψi)2 ] (19)

where iod,i = id,i − icd,i and ioq,i = iq ,i − icq ,i . By neglect-
ing the d-axis armature reaction ωe,i · Ld,i · iod,i , as it is much
smaller than the magnetic electromotive force ωe,iψi , (19) can
be finalized as

Pi,i ≈ 3
2
·

ω2
e,i

Rc,i
· [Ψ2

i + (Lq,i · ioq,i)2 ]

=
3
2
·

ω2
e,i

Rc,i
·
[
Ψ2

i + L2
q ,i ·
(

Ti

Kt,i
− ωe,i · Ψi

Rc,i

)2
]

. (20)
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The total iron loss is then obtained as (21) by adding up the
four IWMs’ iron losses

Piron =
4∑

i=1

{
3
2
·

ω2
e,i

Rc,i
·
[
Ψ2

i + L2
q ,i ·
(

Ti

Kt,i
− ωe,i · Ψi

Rc,i

)2
]}

=
2∑

i=1

{
3
2
·

ω2
e,i

Rc,i
·
[
Ψ2

i + L2
q ,i ·
(

r · (1 − k) · Fall

2 · Kt,i

− ωe,i · Ψi

Rc,i

)2]}
+

4∑

i=3

{
3
2
·

ω2
e,i

Rc,i

·
[
Ψ2

i + L2
q ,i ·
(

r · k · Fall

2 · Kt,i
− ωe,i · Ψi

Rc,i

)2
]}

. (21)

The equivalent core-loss resistance is given as

1
Rc,i

=
1

Rc0,i
+

1
Rc1,i · |ωe,i |

(22)

where Rc0,i and Rc1,i are the eddy current loss and hysteresis
loss, respectively [26]. Furthermore, ωe,i can be expressed using
the vehicle speed as ωe,i = Vxpn,i/r. Finally, from (18) and
(21), both Pcopper and Piron are functions of k.

C. Optimal Torque Distribution Ratio

Substituting (14), (18), and (21) into (11), Pin can be for-
mulated in two cases, both of which are quadratic functions of
k. Therefore, the optimal ratio kopt can be obtained by solving
the partial differential equation ∂Pin/∂k|k=kopt = 0, and the
optimal distribution ratio kopt can be approximated as

kopt =

Vx
2 ·D ′

s
·
∑2

i=1
1

N i
+ 3 ·r 2

4 ·
∑2

i=1
R a , i

K 2
t , i

+ 3 ·V 2
x

4 ·
∑2

i=1
L 2

q , i

R c , i ·Ψ 2
i

V x
2 ·D ′

s
·
(∑4

i=1
1

N i

)
+ 3 ·r 2

4 ·
∑4

i=1
R a , i

K 2
t , i

+ 3 ·V 2
x

4 ·
∑4

i=1

L 2
q , i

R c , i ·Ψ 2
i

.

(23)

IV. CONTROLLER DESIGN AND STABILITY ANALYSIS

After the torque distribution law has been established, torque
control of each wheel should be implemented. Moreover, as
locally stable controllers cannot guarantee global stability, sta-
bility analysis of the overall control system is necessary.

A. Controller Design for RECS

From (2), the derivative of ωi is obtained as

ω̇i =
1
Ji

(Ti − Fi · ri). (24)

For four wheels, a state-space equation can then be con-
structed as follows based on (9) and (24)

ω̇ = A · F + B · Tall (25)

where

ω = [ω1 , ω2 , ω3 , ω4 ]
T , F = [F1 , F2 , F3 , F4 ]

T

Fig. 5. Block diagram of the control system.

A = diag
(
−r1

J1
,
−r2

J2
,
−r3

J3
,
−r4

J4

)

B =
[
1 − k

2 · J1
,
1 − k

2 · J2
,

k

2 · J3
,

k

2 · J4

]T

.

That is, the overall control system can be constructed as Fig. 5,
where the IWMi represents the ith local dynamic agent. It can
be observed that the input to a local agent is the reference of the
wheel angular velocity and the output is the driving force of the
ith wheel. A detailed description of the system is illustrated in
Fig. 6. Clearly, the control system has two loops: the outer loop
based on (25); and the inner loop is a wheel velocity control
loop. The wheel velocity is available from an encoder.

1) Driving Force Observer (DFO): As can be seen in
Fig. 6, driving forces are required to construct the feedback
loops. However, they are difficult to measure directly. In this
research, the DFO is employed to estimate the forces [21]. Fig. 7
illustrates the principle of the DFO, in which two forces are
defined: F̂d,i is the estimated force without filtering, and F̂i is
the estimation after a low-pass filter (LPF). By neglecting the
resistance forces, (26) can be obtained from (1), (3), and (9)

F̂d,i = ΔQ,i · ωi · s

where ΔQ,i =

⎧
⎪⎨

⎪⎩

r · M · (1 − k)
2

, i = 1, 2

r · M · k
2

, i = 3, 4.

(26)

For four wheels, based on (26), DFOs can be rearranged as
(27) by taking the LPFs into account

F̂ =
[
F̂1 , F̂2 , F̂3 , F̂4

]T

=
[
F̂d,1 , F̂d,2 , F̂d,3 , F̂d,4

]T · 1
τ · s + 1

= Q ·
[
ω1 , ω2 , ω3 , ω4

]T · s

τ · s + 1
(27)

where Q is defined as diag(ΔQ,1 , ΔQ,2 , ΔQ,3 , ΔQ,4).
2) Wheel Velocity Controller (WVC): Wheel dynamics

can be described as torque-input and angular-velocity-output.
To derive the transfer function, first, (2) is transformed into

4∑

i=1

(Ji · ω̇i) =
4∑

i=1

Ti − r ·
4∑

i=1

Fi. (28)

By neglecting the resistance forces of (1) and substituting
it into (28), the relationship between the input torque and the
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Fig. 6. Detailed representation of the overall control system.

Fig. 7. Block diagram of DFO.

output wheel angular velocity can be obtained as

4∑

i=1

Ti =
4∑

i=1

(Ji · ω̇i) + M · r2 · ω̇i . (29)

For the ith wheel, the plant can then be nominalized as

Pi(s) =
ωi

Ti
=

1(
M ·r 2

4 + Ji

)
· s

:=
1

ΔG,i · s
. (30)

Assuming the wheel velocity is controlled by a PI-controller,
the inner-loop transfer function Hi (s) in Fig. 6 is then derived
as

Hi(s) =
(KP · s + KI ) · s

(ΔG,i · s2 + KP · s + KI ) · (τ · s + 1)
(31)

where KP and KI are the proportional and integral gains. More-
over, Ĥi(s)is defined asHi(s)/s.

B. Stability Analysis

From Fig. 6, G(s) from Tall to F̃ is obtained as

G(s) =

(
1

Ĥ(s)
· In − A · Q

)−1

· B

= Fu

⎛

⎝

⎡

⎣
A · Q B

In 0

⎤

⎦ , Ĥ(s) · In

⎞

⎠ (32)

where Fu denotes the upper linear fractional transformation,
and Ĥ(s) is used to represent Ĥi(s), as the four wheels have

the same dynamics. Considering a transfer function in the form
of L(s) = (s · In − A · Q)−1 · B, the following equations exist

G(s) = L (φ(s)) , φ(s) := 1/Ĥ(s). (33)

As can be observed, G (s) of (34) can be generated by just
replacing the s of L(s) with φ(s). Therefore, the transformed
transfer function G(s) can be seen to have a generalized fre-
quency variable φ(s). The domains Ω+and Ωc

+ in the complex
plane are defined as

Ω+ := φ(C+),Ωc
+ := C\Ω+ . (34)

Then, the proposition made in [18] can be applied to the
system as: G(s) = L (φ(s)), which is stable if and only if all of
the eigenvalues of A·Q are located in Ωc

+ . A detailed derivation
can be found in [18]–[20]. In this application, φ(s) is obtained
as

φ(s) = 1/Ĥ(s) =
(τ · s + 1) · (ΔG · s2 + Kp · s + KI )

Kp · s + KI

=
c · s3 + d · s2 + e · s + b

a · s + b
. (35)

Then, the domains Ω+and Ωc
+can be characterized in the

complex plane; considering that these regions are partitioned by
the image of φ(jω), where ωφR, the real and imaginary parts
of φ(jω) can be defined as follows (f(ω) := Re[φ(jω)] and
g(ω) := Im[φ(jω)]):

f(ω) =
−a · c · ω4 + (a · e − b · d) · ω2 + b2

a2 · ω2 + b2 (36)

g(ω) =
(a · d − b · c) · ω3 − b · (a − e) · ω

a2 · ω2 + b2 . (37)

The intersecting points of φ(jω) and the imaginary axis can
be calculated by finding ωI , which satisfies f(ωI ) = 0, and
then, calculating g(ωI ). Similarly, the intersecting points of
φ(jω) and the real axis can be determined from f(ωR ) where
ωR satisfies g(ωR ) = 0. Here, ωR and ωI are given as (38) and
(39), where ωI has two roots, and ωR has one or three roots
depending on the existence of ω2,3

R

ω1
R = 0,

(
ω2,3

R

)2
=

b · (a − e)
a · d − b · c (38)
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Fig. 8. Stability analysis based on eigenvalue locations (unstable
case).

Fig. 9. Stability analysis based on eigenvalue locations (stable case).

(
ω1,2

I

)2
=

(a · e − b · d) +
√

(a · e − b · d)2 + 4 · a · b2 · c
2 · a · c .

(39)

By inserting (38) and (39) into (36) and (37), respectively, it is
known that φ(jω) has two intersecting points with the imaginary
axis. For the real axis, the number of intersecting points has two
possibilities: if ω2,3

R exist, the number is 3, otherwise it is 1. To
give a general idea of this concept, two illustrative examples are
provided. The eigenvalues of A·Q are −M · r · (1 − k)/2 and
−M · r · k/2, where k φ [0, 1], and they range from –128.95 to
0 based on the parameters given in the Appendix.

Example 1: The poles of the local system (WVC loop) are
placed at −2.15 ± 10.5i, i.e., the local system can be stabilized.
However, as can be seen from Fig. 8, the eigenvalues of A·Q are
not in the scope of Ωc

+ ; therefore, the overall system is unstable.
Example 2: The poles of the local system are placed at ±10,

i.e., the local system can be stabilized. The eigenvalues of A·Q
are in the domain of Ωc

+ as can be observed in Fig. 9, which
means the global system is stable.

Then, the control system is simulated using the poles of the
two examples as shown in Fig. 10: the gray solid line represents
the vehicle speed of example 1, which is not stable; and the red
dashed line is the speed in example 2, which matches very well
with the reference. These results match with the aforementioned
stability analysis.

Fig. 10. Control performance comparison between the two examples.

V. SIMULATIONS AND EXPERIMENTS

A. Trapezoid Speed Pattern Test

To evaluate the proposed RECS, simulations and experiments
were conducted to verify the proposed method. Considering
that normal driving cycles are groups of several acceleration-
constant speed-deceleration patterns, a speed pattern for evalu-
ation was designed as shown in Fig. 11(a): the vehicle first ac-
celerates at 0.25 g for 4 s, and then, cruises for 3 s at a constant
speed of 10 m/s, finally decelerating at –0.25 g until stopping.
For comparison, energy consumption based on different distri-
bution ratios were also studied (k = 1 could not be realized due
to the limited power of the rear motors), and these ratios are
shown in Fig. 11(b); obviously, kopt changes with time, while
the others are constant. Specifically, as the mean value of kopt
for the trapezoid speed pattern is about 0.28, k = 0.28 was also
considered.

To better represent the vehicle plant in the simulations, the
Magic Formula was employed to describe the tire dynamics [29].
Furthermore, as part of the vehicle plant, aerodynamic drag and
rolling resistance were included for vehicle speed calculation.
The vehicle was assumed to run on a high friction road, and
the slope of μ − λ curve D’

s , the rolling coefficient fR , and
the air density ρair were set to 10, 0.00836, and 1.215 kg/m3,
respectively. Moreover, the consumed energy was calculated as
(40) by integrating Pin in (11). Specifically, the friction loss
was considered in the calculation of Pin and was modeled to
be proportional to the motor speed, and the loss of inverters is
modeled as 5% of Pin , i.e., the efficiency of the inverters was
assumed to be 95%

Ein =
∫

Pindt. (40)

In the experiments, our original experimental EV was utilized,
and its parameters are provided in the Appendix. The energy
consumptions were obtained by measuring the input power to
the inverters, and the evaluation equation is represented as

Ein = Vdc · Idc = Vdc ·
4∑

i=1

Idc,i (41)

where Vdc is the dc-bus voltage, which is measured by an on-
board Yokogawa differential probe, Idc,i and Idc are the input
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Fig. 11. Simulation and experimental results under different distribution
ratios. (a) Vehicle speed pattern. (b) Torque distribution ratio comparison.
(c) Input energy comparison of different k.

current to the ith inverter and the sum of Idc,i , respectively. Idc,i

was measured by an onboard Tektronix current probe. As men-
tioned earlier, experiments based on different torque distribution
ratios were conducted, and each case was conducted three times
to remove the uncertainties during each experiment.

The comparison of the required energy for both simulations
and experiments are shown in Fig. 11(c): each dark gray bar
shows energy consumption for a specific distribution ratio in
the simulation; each light gray bar gives average value of the
experimental results for a particular distribution ratio; and the
error bar on top represents the range of the three experimen-
tal values. As can be seen, the cases when k equals kopt and
0.28 show lower energy consumption when compared with the
other cases. Although differences exist between simulated and
experimental results that may had been caused by modeling er-

TABLE I
CRUISING RANGE COMPARISON (UNITS: KM)

Distribution Ratio 0 0.28 0.5 0.6 ko p t

Cruising range per kilowatt-hour (sim.) 2.85 3.78 3.2 2.74 3.79
Cruising range per kilowatt-hour (exp.) 2.92 3.47 3.08 2.67 3.5

rors and unconsidered items, the tendencies matched very well.
To clearly see the energy consumption difference among kopt ,
0.28, and other ratios, these cases are represented in terms of
cruising range per kilowatt-hour as given in Table I based on
(42), and the proposed torque management method can drive
the EV longer than other distribution ratios

Cruising range per kilowatt-hour =
3600 · ld

Ein
. (42)

B. New European Driving Cycle (NEDC) Test

To better address real driving conditions, the NEDC test was
employed to evaluate the proposed control system. As men-
tioned previously, the IWMs’ power of our experimental EV
is limited. Therefore, only a simulation was conducted using
NEDC test, and the NEDC profile is shown in Fig. 12(a). Clearly,
the NEDC consists of many trapezoid speed patterns like the one
discussed previously. The optimal k for the NEDC is given in
Fig. 12(b), and it varies depending on vehicle speed. As the
mean value of kopt was about 0.3, it was selected together with
0, 0.5, and 0.6 for the comparison with the kopt case. The values
of input energy are shown in Fig. 12(c), which illustrates that
the input energy in the case of kopt is smallest among all of the
energy consumptions.

From the trapezoid speed pattern and NEDC tests, it can be
seen that the optimal torque distribution ratios vary at around
0.3, and for a given EV, it is, therefore, acceptable to use a static
approximate-optimal ratio. However, as can be known from
(23), k not only has relationship with vehicle speed, but also
relates with motor parameters. For example, overheating of the
motor can cause the increase of armature winding resistance and
the decrease of q-axis inductance. Thus, online motor parameter
estimation [31] and adaption of the distribution ratio has to be
addressed in such cases.

VI. CONCLUSION AND FUTURE WORKS

In this paper, a pure control methodology, torque distribution-
based RECS, was proposed to increase the cruising range of
four wheel independent driven EVs. The torque distribution
law was determined by the weight transfer between the front
and rear axles and motor losses. Considering the specific struc-
ture, an EV with four IWMs was considered as an LTI system
with four generalized frequency variables. That is, based on the
torque commands from the main controller, the four wheels can
be independently controlled by local controllers. For such a
global-local system, a stability criterion was employed for
the design of the controller, and the stability criterion is also
applicable to the mechatronic system with multiple homoge-
neous actuators [19]. Because vehicles and motors are com-
plex mechatronic systems with uncertainties, one of the possible
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Fig. 12. Simulation results under NEDC test. (a) Speed pattern of
NEDC. (b) Optimal torque distribution ratio for NEDC. (c) Input energy
comparison of different k.

future works of this study is to further develop the control sys-
tem with frequency control [28] or uncertainty management
strategies [27]. In the modeling of copper loss, d-axis current is
assumed to be zero; however, for high-speed applications, d-axis
current has to be considered as it is used for field weakening.

APPENDIX

The experimental EV used in this research has four IWMs
that can be independently controlled, and the IWMs and their
controllers were provided by Toyo Denki. The vehicle controller
is a dSPACE AUTOBOX-DS1103, and the algorithm in this re-
search was implemented and evaluated in a model-based design
manner. In Fig. A1, photos of the EV, the vehicle controller,

Fig. A1. Experimental EV, Dspace controller, inverter, and IWM.

TABLE AI
SPECIFICATIONS OF EXPERIMENTAL SETUP

Symbol Description Value

Vehicle Parameters

M vehicle mass 850 kg
hg Height of center of gravity (CoG) 0.51 m
lf distance from CoG to front axle 1.013 m
lr distance from CoG to rear axle 0.702 m
Ji spin inertial of the ith wheel 1.24 kg·m2 (i = 1, 2)/ 1.26 kg·m2 (i = 3, 4)
r wheel radius 0.301 m
Cd r a g aerodynamic drag coefficient 0.48
A f r o n t vehicle front area 2.4 m2

Parameters of the ith IWM

Ra ,i armature winding resistance 0.086 Ω (i = 1, 2)/ 0.143 Ω (i = 3, 4)
Rc 0 , i eddy current loss 300 Ω (i = 1, 2,3,4)
Rc 1 , i hysteresis loss 0.13 Ω (i = 1, 2)/ 0.0525 Ω (i = 3, 4)
ψi inter-linkage magnetic flux 0.18 Wb (i = 1, 2)/ 0.125 Wb (i = 3, 4)
pn , i number of pole pair 10 (i = 1, 2)/ 12 (i = 3, 4)
Lq , i q-axis inductance 0.00069 H (i = 1, 2)/ 0.0015 H (i = 3, 4)
Ld , i d-axis inductance 0.00063 H (i = 1, 2)/ 0.0013 H (i = 3, 4)

an inverter, and an IWM are shown, and in Table AI, the ve-
hicle/IWM parameters related with this research are provided.
It should be noted that: 1) the prototype IWMs were provided
by Toyo Denki, however, the selection of motor parameters can
be considered for further reduction of energy consumption and
2) the wheel inertias and motor parameters of the front and rear
wheels are slightly different, but the proposed method is also
applicable to normal EVs with four identical wheels/IWMs.
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